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PRELIMINARY REPORT ON RECENT GEOLOGICAL AND 
ARCHAEOLOGICAL DISCOVERIES RELATING TO EARLY MAN 
IN SOUTHEAST ASIA 


By H. pETERRA* 
ACADEMY OF NATURAL SCIENCES OF PHILADELPHIA 
Communicated September 13, 1938 


The Ice Age, which was a principal determinant of human prehistory, 
is very little known in Southern and Eastern Asia; in fact glacial cycles 
have never been established east of the northwestern Himalayas. How- 
ever, in India, China and Java there are abundant data proving that this 
region was important during the Old Stone Age. The variety of evidence 
for a center of human origins in Asia called for the investigation of an area 
intermediate between the known regions in India and the Far East. Burma 
was selected, since there the geology of the Cenozoic has much in common 
with that of India and China. In addition, the pioneer work of Mr. T. 
O. Morris had already provided some information on terraces and Stone 
Age cultures along the Irrawaddy River. In Burma also, I could continue 
my own work on the Pleistocene of India, the results of which are at present 
being published by the Carnegie Institution of Washington. 

In this undertaking my colleague, Dr. Teilhard de Chardin, offered me 
his codperation, and in addition the Peabody Museum of Harvard Uni- 
versity delegated Dr. H. L. Movius as archaeologist to the party. This ex- 
pedition, jointly organized by the Academy of Natural Sciences of Phila- 
delphia and the Peabody Museum of Harvard University with the gen- 
erous assistance of the American Philosophical Society, has just returned 
from Burma and Java, and in the following report a brief summary is 
given of our studies as far as they can be evaluated at the moment.! 


THE Ice AGE IN Upper Burma.—The region investigated comprises an 
area roughly 200 miles long and some 50 to 150 miles broad, extending from 
the Irrawaddy lowlands of the oilfield region, northeastward as far as the 
Salween River on the Chinese border. Flanked in the west by an anti- 
clinorium of the Arakan Yoma Mountains and to the east by the Shan 
Plateau, the Irrawaddy Basin makes a geosyncline in which over 50,000 
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feet of Tertiary rocks have been deposited. Through this trough the Irra- 
waddy River discharges annually some 236 million tons of silt, which is 
dumped into a delta that advanced from 3-4 miles in the last century to- 
ward the Indian Ocean. In the lower 450 miles of its course, between Man- 
dalay and the delta, the stream is well graded, but during the Quaternary 
it experienced repeatedly changes of level, as recorded by the terraces 
which we studied, mainly between Magwe and Mandalay. 

In The Terrace System of the Irrawaddy Valley, we recognized the follow- 
ing most salient features: 

1. The terraces are superimposed on the Irrawaddy Series, a folded and 
peneplained river formation, the upper portion of which contains a mammal 
fauna analogous to that of the Upper Siwaliks of India. These belong to 
what Dr. Teilhard has called the Villafranchian fauna of Eurasia. 

2. Occupying an old valley, the terraces are composed of coarse, 
boulder-bearing gravels of red color, which mark three different stages of 
aggradation. 

The highest terrace gravel is preserved by a group of isolated hills, situ- 
ated near the oilfield of Chauk, some 300 feet above the stream. The size 
of the pebbles, 5 to 10 inches in diameter, depicts an ancestral Irrawaddy 
much more powerful than the present river. A lateritic soil mantle in the 
adjoining highland appears to be connected with this stage, which was 
clearly a period of greater rainfall. (At present this region belongs to the 
Dry Zone of Burma with 60 to 70 inches of annual rainfall; this occurs 
almost entirely from June to September. No lateritic soils are formed here 
at present.) At one place the highest terrace was found to contain a few 
flaked pebbles of fossil wood and silicified tuff, which may be artificial. 
This terrace appears to be strongly tilted. 

The second and third terraces lie 180 and 100 feet, respectively, above 
river level and are associated with a thick series composed of red gravel 
and sand. In it a Middle Pleistocene type of fauna was found at Mingun, 
opposite Mandalay (see Palaeontological Report), and further downstream 
an Early Palaeolithic industry, called Early Anyathian by Dr. Movius (see 
Archaeological Report). A prolonged interval of erosion and aridity pre- 
ceded the deposition of the second river drift, and then a valley with fer- 
rugineous soil caps, containing the earliest prehistoric industry, was formed. 
The second river gravel buried these caps, but the basal layers of gravel 
are rich in rolled Early Palaeolithic tools. Again this was a time of greater 
rainfall, as indicated by thick fans of Red Earth which were released from 
the highlands. at this stage. 

The fourth terrace is composed of a third type of gravel, which is gen- 
erally less coarse and more sandy. A somewhat advanced type of Palaeo- 
lithic was found in this deposit. The fifth terrace approaches the recent 
river deposits in composition, and it may be post-Pleistocene in age. 
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3. The terraces are associated with soils corresponding to periods of 
greater and lesser rainfall. The first and second types of the old gravels, 
underlying Terraces I-III, are dominantly reddish; they are connected 
with lateritic soils on the adjoining land-surfaces. From here Red Earth 
was twice washed into the valley, a process which is made especially clear 
by the composition of the second terrace; the fine sand strata of which 
merge laterally into thick lateritic slopewash deposits. Increasing aridity 
is indicated by the formation of loessic sediments during the fourth terrace 
stage. This soil is yellow to pink in color, and mainly structureless. It 
has drifted in the manner of true loess up to the third terrace, the erosional 
surface of which was thus again buried. The composition of the fourth 
terrace, however, proves that this represents a major and prolonged fill 
stage, presumably again in the nature of a Pluvial Period. 

4. The Irrawaddy terrace system is of regional extent, since it was 
found also in the adjoining Shan Plateau in the reaches of the Namtu and 
Salween rivers. 


The interpretation of these features leads to conclusions which are of 
import both to the geologist and archaeologist. In the first place it is a 
fact that this terrace system of Upper Burma resembles closely the one 
found in the Siwalik region of Northern India (see my preliminary report, 
Science, 1936, No. 2149). The same number of terraces, a similar succession 
of aggradational and degradational stages, and an archaeological succession 
of prehistoric cultures in which Early Palaeolithic core-pebble tools are 
gradually mixed and partly replaced by flake tools of a more advanced type, 
are all present. In both regions the terrace formation began in the Middle 
Pleistocene, probably as a result of the relative geological stability then 
established in the Himalayan forelands, where the Early Pleistocene beds 
are all strongly folded. 


In the memoir mentioned above, it will be shown that the terrace system 
of Northwest India reflects both climatic and diastrophic processes. In 
the latter region, Terraces II and IV represent the third and fourth Hima- 
layan glaciations. Loessic soils are associated with them, and indications 
of pluvial conditions are to be traced directly to corresponding periods of 
glaciations. Whereas in India these terraces were found some 150 miles 
away from the respective moraines of the third and fourth glaciers, in 
Burma they are clearly recorded 350 to 400 miles distant from the southern- 
most limit of the ice-sheets. Considering the sedimentary records, as 
previously outlined, we believe that they are not merely the result of 
climatic cycles restricted to the respective highlands, but that they can be 
understood only as Pluvial and Interpluvial stages corresponding more or 
less to Glacials and Interglacials. 


On geographical and climatic grounds, it can be demonstrated that the 
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Quarternary stages of India and Burma were similarly recorded in other 
regions, as for instance in China. 

It will be noted that the Early Pleistocene has thus far not been classi- 
fied into stages to the same extent as the Middle and Late Pleistocene. 
The reason is, as has already been emphasized, that they are hidden in a 
more compact pile of folded strata which do not readily permit of the same 
detailed analysis. However, in this respect the older Pleistocene beds of 
Burma have yielded certain palaeontological data which helps to fix the 
stratigraphic position of the Upper Irrawaddy Series. 


PALAEONTOLOGY OF THE PLEISTOCENE IN BuRMA.—The Upper Irrawaddy 
fauna has been known for some time, especially through studies by Noet- 
ling and Pilgrim; lately Colbert has analyzed it anew with Dr. B. Brown’s 
collection. The vertebrate remains collected by us can only confirm the 
conclusions drawn by previous investigators who emphasized the Indian, 
specifically the Upper Siwalik, type of fauna, represented in this series. 
In our material forms such as Leptobos, Bubalus, Stegodon, Elephas plani- 
frons and Equus are represented, together with types of lesser stratigraphic 
significance. In view of the existing differences of opinion concerning the 
age of the Upper Siwalik fauna (Late Pliocene or Early Pleistocene), it 
is interesting to observe that the Upper Irrawaddy Beds have yielded for 
the first time invertebrate and plant fossils. The state of their fossiliza- 
tion, and the type of freshwater fauna represented, clearly indicate a Pleis- 
tocene age, at least as far as the upper 1000 feet of this series is concerned. 
Moreover, the ancient terrace gravels overlying these beds contain a Mid- 
dle Pleistocene type of fauna (Elephas namadicus, Bos cf. namadicus, 
Hippopotamus), reminiscent of the Narbada Pleistocene series of peninsular 
India, and such a succession would be difficult to understand if the underly- 
ing beds were to represent the Late Pliocene. 

Of special interest was the discovery of fossiliferous fissure deposits in 
the Shan Plateau, near Mogok. With the exception of a skull of Ailoropus 
nothing was known of the nature of this fauna. It throws a new light on 
former faunistic relationships of the Indian with the Chinese mammal 
world. The presence of Stegodon, Elephas namadicus, Bos, Rhinoceros, 
deer and porcupine links this fauna with that characteristic of the fissures 
found in the neighboring provinces of South China. 


CORRELATIONS WITH SOUTH CHINA.—The conclusions arrived at by Dr. 
Teilhard de Chardin with regard to existing analogies between the Late 
Cenozoic of Burma and China can be only mentioned very briefly in this 
report. He points out that such analogies are striking “‘mainly: (a) in 
the Late Pliocene lake-deposits; (b) in the Early and Middle Pleistocene 
gravel formations; (c) in the fissure deposits. All three are practically con- 
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tinuous between Eastern Burma and the Yangtse Basin. They must there- 
fore be contemporary, and express the same series of diastrophic and cli- 
matic changes over the same geological unit.’’ Hence, the terraces of the 
Yangtse may be linked to those found in India and Burma, and the ‘“‘pos- 
sibilities of covering under a single stratigraphic and physiographic scheme 
the Late Cenozoic history of the whole South and Central Asiatic land- 
mass becomes now an assured probability.” 


STONE AGE ARCHAEOLOGY OF BuRMA.—Dr. Hallam L. Movius reports 
about his archaeological work as follows: “Burma has contributed a new 
and important link in our existing knowledge concerning the development 
of the Stone Age in Southeast Asia. In the Middle Pleistocene gravels of 
the Irrawaddy Valley, especially at Yenangyaung, Chauk and Nyaungoo 
(near Pagan), fairly extensive remains of a new Lower Palaeolithic culture 
were discovered by the Joint American Expedition for Early Man. This 
culture, to which the name Anyathian has been applied, seems to form a 
break between the Palaeolithic of Southern India and that of the Far East, 
since in it fist-axes are completely absent. The implement types—chop- 
pers, crude scrapers, flakes and cores—have exact typological parallels in 
the Patjitanian of Java, discovered by Dr. von Koenigswald. In the latter 
region, however, fist-axes are present. But the similarities of the two cul- 
tures in all other respects suggest that both developments may have spread 
from a common source, perhaps in South China. On the other hand the 
varied assortment of tools found in Java may indicate that the center of 
this development is to be sought further to the south. 

“The Anyathian implements are for the most part heavily rolled and 
patinated. They are made either of silicified tuff or fossil wood. The Early 
Anyathian (Lower Palaeolithic) occurs im situ in the basal gravels of 
the third terrace of the Irrawaddy Valley which contain the remains of 
Elephas namadicus. The forms are heavy and crude; core implements 
predominate. A later development of this culture (perhaps influenced by 
an Upper Palaeolithic center outside the region) is represented by the 
Late Anyathian. This occurs on the surface of Terrace III and in situ 
in Terrace IV. Essentially the same tool forms persist, but there is a 
marked tendency to specialization, and small implements are character- 
istic. No trace of a transitional, or Mesolithic, stage between the old and 
the New Stone Age was discovered. Neolithic material was found over 
a wide area in Upper Burma associated with polished stone axes and pot- 
tery. 
‘“‘As Dr. deTerra points out, the Stone Age chronology established for 
Burma is substantiated by stratigraphic records. At present many 
archaeological gaps still exist, but the main development is clear. It seems 
apparent, however, after a preliminary study of the material collected in 
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the field, that in both Burma and Java, we are dealing with a new, Far 
Eastern, centre of Lower Palaeolithic development to which the long estab- 
lished European classification cannot be applied. Furthermore, the strong 
negative evidence regarding the absence of fist-axes in Burma makes it 
seem very unlikely that the material discovered in Java owes its inspiration 
to the Lower Palaeolithic of India. However, the Soan, which appears 
to be an early intrusive element in Northwestern India, was apparently 
derived from the same Far Eastern source, but with this exception, direct 
Indian parallels are absent.”’ 


ExcurRSION TO JAVA.—Our field season in Burma closed at the end of 
March when all members of the expedition proceeded to Java. Here, we 
visited, under the expert guidance of Dr. G. H. R. von Koenigswald, the 
most important places where either fossil man or Old Stone Age cultures 
have been discovered in recent years. In this paper it is impossible to do 
full justice to the truly remarkable wealth of information which Java holds 
with regard to Quaternary geology and Early Man. 

Particularly impressive to us was the Solo Valley with its terraces con- 
taining Upper Palaeolithic material and the skulls of Homo neanderthalensis 
soloensis (Oppenoorth). One cannot help but feel that a detailed physio- 
graphic survey of this region would furnish a key to a more detailed stratig- 
raphy, which thus far has been founded mainly on palaeontological data. 
In this region it became evident that the Quaternary cycles in Java differ 
in many respects from those found in continental Asia. For one thing, 
in Java volcanism has introduced processes of sedimentation whose cyclic 
character is not readily recognized. Also, the climatic records of the humid 
tropics differ altogether from those found in the more arid northern lati- 
tudes, and the effect upon fauna and sediments is such as to make direct 
correlations with the Quaternary of the Asiatic mainland less apparent 
than was at first thought to be the case. 

The new site of the Pzthecanthropus skull and mandible near Sangiran, 
north of Solo, assures beyond doubt the Middle Pleistocene age of this 
fossil. Its stratigraphic location was in the lower portion of the Trinil 
Beds which are overlain by some 150 feet of Middle and Upper Pleistocene 
fossiliferous strata, all clearly exposed in one section. Especially clear is 
the position of the infant skull of Homo modjokertensis (v. Koenigswald), 
near Modjokerto, in Eastern Java. Despite the relatively shallow depth 
at which the skull was discovered (3 feet), it was evident that in the absence 
of soils and terraces, nothing could have obscured the true location and 
stratigraphy of this site. Its age is, according to Dr. von Koenigswald, 
Lower Pleistocene because of its association with such mammal forms as 
Hippopotamus antiquus and Cervus zwaani, which appear to be ancestral 
to later forms found in the Trinil horizon. 














VoL. 24, 1938 PHYSIOLOGY: BLINKS AND SKOW 413 


ACKNOWLEDGMENTS.—In concluding this report, I wish to express my 
sincere appreciation for the financial support which has enabled me and 
my associates to carry out this work. Acknowledgment is especially due 
The American Philosophical Society, Harvard University and The Car- 
negie Institution of Washington in this regard. 

I wish also to thank the Director of the Geological Survey of India, Dr. 
A. M. Heron, the members of the Geological Department of Burma and 
our colleagues in Java for the friendly codperation extended to us. 


* Field Director of the American Southeast Asiatic Expedition, 1937-1938. 
! A short account of the results of this expedition has already appeared, see deTerra, 
H.; de Chardin, P. Teilhard; Movius, H. L., Nature 142 (1938). 


THE TIME COURSE OF PHOTOSYNTHESIS AS SHOWN BY THE 
GLASS ELECTRODE, WITH ANOMALIES IN THE ACIDITY 
CHA NGES* 


By L. R. BLInKs AND R. K. Skow 


JacQguEs LoEB LABORATORY, HOPKINS MARINE STATION, AND THE SCHOOL OF 
BIOLOGICAL SCIENCES, STANFORD UNIVERSITY 


Communicated Aug. 26, 1938 


Many features,of the course of bio-electric potential change in plant 
cells during illumination' are best explained by the acidity changes result- 
ing from CO, assimilation. However, certain cusps during the first mo- 
ments of illumination (as well as of darkening) suggested to us that there 
were unsuspected anomalies, or even reversals, of the normally expected 
drifts. Since these might be complications of the bio-electric rather than 
of the photosynthetic mechanism, it was desirable to test the time course 
of acidity change by independent means. An appreciable volume of solu- 
tion being required for indicator methods,’ the authors have decreased dif- 
fusion time as much as possible by applying a glass electrode in direct con- 
tact with the tissue, or layer of cells settled from a suspension.* This re- 
duces the diffusion distance (from chloroplast to electrode) to 2 or 3 mi- 
crons in favorable cases, and keeps the volume of solution restricted to a 
very thin film. Consequently pH changes due to CO, assimilation or pro- 
duction are very prompt. The time curves, being the most rapid yet ob- 
tained for the course of photosynthesis, may be of interest beyond the 
problem which inspired them. 

The speed and sensitivity of the method are illustrated in figure la, which 
shows the response to an intermittent light, flashing 34 times per minute, 


* Aided by a grant from the Rockefeller Foundation. 
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FIGURE 

Photographic records of the deflections of a d’Arsonval galvanometer (period 1.5 

seconds) balanced into the plate circuit of a vacuum-tube amplifier with grid con- — 
nected to glass electrode (MacInnes glass: Corning 015). The electrode was a thin 
walled, flat bottomed bulb, containing a thick suspension of motile cells of the 
unicellular marine alga Stephanoptera. Some of the cells had settled to a layer on 
the bottom. Illuminated with incandescent lamp (6000 meter candles); infra-red 
largely absorbed by CuSQ, filter. In a the light was interrupted by a rotating sec- 
tor making a revolution every 1.75 seconds; light period !/, of this time or 0.44 sec.: 
dark period 1.32 seconds (period shown by black stripes at the bottom of a). In}, 
11 flashes were given by camera shutter, lasting !/. second each, about 5 seconds 
apart. Inc, shutter flashes of '/5, 1/19, 1/25, and 1/59 seconds were given, at inter- 
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the light flashes being 1/, as long as the dark periods. Neither diffusion 
mixing nor galvanometer period wholly obscures the external effects of the 
changes in the cell, which must pass out in waves which are not wholly 
fused or smoothed. Indeed, responses are obtained from much briefer 
illuminations, such as 1/5, !/19 and !/25 second, as shown in figure 1c.  1/s9- 
second flashes of this intensity give a just perceptible response, which with 
increased light intensity becomes well marked. 

Wider separation of the briefer flashes shows that the perceptible response 
is in the opposite direction to that found during longer illumination 
(Fig.2). The pH decreases, the acidity increases, as the result of this brief il- 
lumination. Even with '/,-sec. flashes, the first effect is in the same direc- 
tion, although in later and longer flashes this tends to be swamped out by 
the following wave of alkalinity. However, if the flashes are given after a 
considerable dark period (Fig. 2b), the acid gush is much more marked 
with brief flashes, and remains as an initial downward cusp in the alkaline 
wave produced by '/;-sec. illuminations; even at 1/2 sec. there is a slight 
initial downward (acid) movement. 

With very much longer light and dark periods, some of the same effects 
persist. Figure 3a shows 2 light flashes of 8 seconds, with dark periods 
of about 40 seconds. The steep rise of pH in the light, and slower fall in 
the dark are very striking, and exactly what would be expected. Since 
the movement is so fast, the lag at the onset of a light or dark period is 
partly due to inertia of the galvanometer, and the continuing powerful 
diffusion wave from the cells, which may obscure the anomalies, even if 
present in this mid-pH range. They are better shown when the system 
has reached its light and dark asymptotes (when CO, diffusion equilibrium 
is reached with the overlying solution). Thus in figure 3), after a long dark 
period, illumination produces an acid gush that lasts 5 or 6 seconds before 
the alkaline drift predominates; and on darkening there is a marked cusp 
in the opposite direction, with a later hump before the slower acidity drift 
of respiration sets in. Similarly in c, after a long period of light, darkening 
produces an extreme cusp in the opposite direction: an increase of alka- 
linity before the acid drift of respiration sets in. (A second light and dark 
period, following, now resemble figure 3a, with galvanometer over-shooting 
obscuring possible anomalies.) : 

Sometimes the acid gush is delayed, so that it takes the form of a re- 


FIGURE 1 (Continued) 


vals corresponding to the galvanometer deflections (indicated by marks for the !/s0- 
second exposures). 

The sensitivity is shown in a, | mv. corresponding to about 0.017 pH unit. (The 
perceptible response to a '/s9-second flash is thus about 0.001 pH unit.) pH increase 
(alkalinity) is upward on the scale; pH decrease (acidity) downward. Large time 
marks 1 minute apart, as indicated on c, 
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cession in the alkaline drift, which starts promptly, then falls, and rises 
again. A similar notch in the curve often occurs on darkening. These 
would be more uncertain of interpretation if clear cases of acid gush like 
figure 3 were not common. 

Not only may the acid gush be obtained with a variety of marine algae, 
but with fresh water and land plant leaves. An example with a floating 
leaf (water lily) is shown in figure 4. Equally good records have been ob- 
tained with submerged leaves (Potamogeton), and with land plants (castor- 
bean, corn). In these also the acid gush is most marked on illuminating 


Shik. 


acid 





dUUtLdavuudevannnvientietitt 
1 min 





Stephanoptera suspension in glass electrode, as in figure1. Incandescent light (6000 
M.C.) given in flashes of fractions of a second, as marked, by camera shutter. Ina 
after a short dark period, in } after a long dark period. Beginning of illumination 
period indicated by the arrows. Large time marks, 1 minute apart. Small 
marks at base of } are 1.75 sec. apart. 


after long dark periods, and the alkaline gush on darkening after long light 
exposures, before the regular drift sets in. If stomata are closed, or if the 
surface has no stomata, light has practically no effect. Albino leaves 
(e.g., genetically white corn seedlings) also show no response to light, al- 
though their Mendelian green dominants give good responses, including 
the anomalies. Non-photosynthetic plants, such as yeast suspension, also 
show absolutely no light effect. A general protoplasmic response, such as 
altered permeability with release of acids or bases, is thus ruled out. 
Ammonia, which makes bio-electrically evident the anomalies in Halicys- 
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tis, has little or no effect upon the glass electrode response. Cyanide and 
urethane greatly reduce, or entirely abolish the normal response, although 
in lower concentrations they sometimes exaggerate the anomalies (this 
may give a clue to their mechanism). Photosynthetically active regions 
of the spectrum give the best pH changes, including the anomalies. Some 
connection with photosynthesis seems indicated, but it is too early to esti- 
mate the réle or importance of the anomalies. The following possibilities 
may be considered, however: 
A. Release of CO: by some photolabile holding mechanism.‘ 


a.. LB LD 





b. (dark) ee c(ight) D. ED 
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pH 
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FIGURE 3 


Stephanoptera suspension in glass electrode, as in figure 1. In a, 2 light flashes 
(6000 M. C.) of 8 seconds each are given (L for light, D for dark). This is in the 
middle of the pH range between light and dark asymptotes. In), light is given at the 
end of a long dark period when respiration has carried the pH close to the acid limit 
(most of the previous drift having been compensated to keep the image on the record). 
An increased acidity is produced by light before the alkaline drift sets in. (Note 
cusp on darkening.) Record c was taken after a long light period, when the pH (also 
compensated) had been raised by photosynthesis to its upper limit (most of the CO, 
removed from solution). There is an ‘‘alkaline gush” on darkening, preceding the 
acidity drift due to respiration. A second light and dark period in c resemble a. 

Direction of pH change indicated at the left, sensitivity about as in figure 1. 
One minute time interval shown at base. 


B. Increased respiration, stimulated by light in excess of photosynthesis. 
(This might result from the initial oxidation of metabolites with an R. Q. 
larger than 1.0.5) 

C. Production of an acid (stronger than carbonic) as the first product 
of photosynthesis. 

D. Photo-decomposition of compounds (e.g., malic acid to CO: which 
then diffuses out of the cell. Suggestion of Dr. H. A. Spoehr). 

E. Increased consumption of a base, e.g., ammonia during the first 
moments of illumination. 
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The converse of these would account for the alkaline gush on darkening. 

It is clear that the glass electrode is unable to distinguish between car- 
bonic and other acids. But since carbonates are almost universally pres- 
ent in and around cells, increased acidity due to any acid would release 
CO2; its increase might give a momentarily higher photosynthetic rate, if 
CO. happened to be a limiting factor. This might account for increased 
efficiency in flashing light under such conditions, and an actual increase in 
O2 production is often found during the first moments of illumination.® 
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FIGURE 4 


Acidity change on illumination as shown by glass electrode closely pressed against 
the upper surface of floating leaf of pond lily (Castalia). (This side has stomata, 
the under side has none.) A temporary decrease of pH (‘‘acid gush’’) occurs im- 
mediately on illumination, preceding the regular rise of pH (alkalinity increase) due 
to assimilation of CO,. The anomalous pH decrease is most marked on the first 
illumination (after a long dark period) and becomes progressively less on successive 
exposures after shorter dark intervals. There are no anomalies on darkening after 
these short light periods, but these appear after long light periods (cf. figure 3c). 

Light intensity about 6000 M. C. (CuSO, filter). Direction of pH change shown at 
left. with time in minutes at base. pH sensitivity about as in figure 1. 


It is also clear that the effects within the cell itself might well be much 
more intense than we can pick up outside. For example, if a strong acid 
were released internally, it might decompose the available carbonate, in- 
side the cell, releasing a small amount of CO, after which no further acidity 
would be noted outside, since the strong acid could not come out of the cell. 
This may be why the anomaly appears best after a dark period, when the 
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carbonates could again be built up inside the cell. Certainly the bio- 
electric anomaly often lasts longer than the acidity change which the out- 
side electrode can show. 

Another shortcoming of the closely appressed glass electrode is that it 
cannot show absolute rates without many corrections for diffusion, altered 
buffering, etc. But it has its value in indicating the direction, and the rela- 
tive speed of photosynthesis during the first moments of illumination. 
It is believed that the anomalies are not artifacts, since obvious controls 
with dead tissue (boiled), green cellophane, black paper, agar or the blank 
electrode, failed to show any significant response to light. Infra-red was 
largely filtered out; when used alone it gave only a slow drift due to heat- 
ing, quite different from the cusps in the visible light. More rapid record- 
ing instruments, such as the string galvanometer and cathode ray oscillo- 
graph, will be applied to show the diffusion lag, induction period and the 
response to very brief flashes. 

An analogous rapid electrode method for oxygen changes has been de- 
veloped and will be described in another communication.° 


‘ Experiments on Halicystis, Nitella and Valonia, to be published shortly. See also 
Marsh, G., Carnegie Inst. Washington Year Book, 36, 99 (1936-1937). 

2 Osterhout, W. J. V., and Haas, A. R. C., Jour. Gen. Physiol., 1, 1 (1918-1919). 

3 While the first trials of the glass electrode method were being made in this laboratory 
(by Mr. Fred L. Kirby, 1936-1937), an analogous application for muscular pH changes 
was reported (Dubuisson, M., Arch. Ges. Phystol., 239, 314 (1937). Cf. also Maison, 
G. L., Ort, O. S., and Lemmer, K. E., Am. Jour. Physiol., 121, 311 (1938). A glass 
electrode has also been employed in a large volume of suspension of Chlorella cells (Tang, 
P. S., and Lin, C. Y., Jour. Cell. Comp. Physiol., 9, 149 (1936-1937). But here the solu- 
tion was well buffered, since the purpose was to avoid, rather than to obtain pH changes, 
during oxidation-reduction potential measurements. Nevertheless a small anomalous 
pH change occurred. 

4 Shafer, J., Plant Physiol., 13, 141 (1938). 
5 Blinks, L. R., and Skow, R. K., Proc. Nat. Acad. Sct., 24, 420-427 (1938). 
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THE TIME COURSE OF PHOTOSYNTHESIS AS SHOWN BY A 
RAPID ELECTRODE METHOD FOR OX YGEN* 


By L. R. BLINKs AND R. K. Skow 


JACQUES LoEB LABORATORY, HOPKINS MARINE STATION, AND THE SCHOOL OF 
BIOLOGICAL SCIENCES, STANFORD UNIVERSITY 


Communicated September 7, 1938 


The application of a glass electrode in direct contact with plant cells or 
tissues' proved so valuable in following rapid CO, changes during and after 
illumination, that a corresponding method for following oxygen evolution 
and consumption was desirable. While the well-known leuco-base and 
luminous bacteria methods? are extremely sensitive, they are useful in only 
a limited range of oxygen tension, close to anaerobic conditions, where they 
respond maximally to slight oxygen increases, after which no time curve 
can be obtained. Similar objections would hold for an electrical indication 
of the same effect, namely, a bright platinum electrode with an added redox 
system (such as methylene blue) which would become reduced in the dark 
by respiration, and oxidized by evolved oxygen in the light, with corre- 
sponding potential changes.’* 

A much broader oxygen tension range is covered by the dropping mercury 
cathode (‘‘polarograph”’) polarized at a potential to reduce oxygen; this is 
the Vitek method‘ for determining dissolved oxygen, which has been ap- 
plied to physiological problems for several years,’ including a recent ex- 
tension to photosynthesis.6 The authors have employed this method for 
photosynthesis, but found an appreciable time lag between illumination 
and the electrode response, due to the volume of solution necessary to give 
space for the mercury drops to form and fall without hindrance, close con- 
tact with the tissue being impossible. The oscillations of current produced 
by the drops would also obscure any very rapid changes of oxygen evolu- 
tion (Fig. 1a). 

A stationary electrode was therefore employed, in direct contact with 
the tissue, reducing the diffusion distance to the thickness of the cell wall 
and a very thin film of solution—probably not over 2 or 3 microns total dis- 
tance. By analogy with the dropping cathode, the electrode was first of 
mercury, which has the advantage of making a very tight fit with irregular 
surfaces. But the danger of poisoning the tissue, even with the cathodi- 
cally reduced mercury surface, led to the substitution of bright platinum, 
with identical results, and greater assurance against biological alterations. 

The principle is the same as that of the dropping cathode, except that the 
surface not being constantly renewed, becomes steadily polarized with 
much less residual current density; a larger surface compensates for this, 


* Aided by a grant from the Rockefeller Foundation. 
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FIGURE 1 

Galvanometer records showing use of electrodes polarized cathodally at 0.5 volt 
for indicating oxygen changes during photosynthesis and respiration. A small 
glass tube was lined with a piece of the marine alga Ulva, and filled with sea water into 
which dipped the electrode. Ina, this was a dropping mercury cathode, brought as 
close to the tissue as possible; in b it was a coiled platinum wire at the same dis- 
tance. A salt bridge connected these to a calomel electrode as anode, with gal- 
vanometer and potential source in series. The full height of record a represents about 
half the O, content of sea water in equilibrium with air; the sensitivity in b is con- 
siderably greater. The oscillations in a represent the dropping rate of the mercury. 
The O, content had fallen to a low and nearly constant value at the beginning 
of each record. At Z the plant was illuminated with an incandescent light (6000 
M.C., with CuSO, filter for infra-red). After a delay of 10 or 15 seconds, caused by 
diffusion from tissue to electrode, curves rose rapidly due to O, evolution in photo- 
synthesis. At D the plant was darkened, and, again after a diffusion lag, the O- 
content slowly fell, due to respiration plus reduction by the electrodes. In a, this 
fall is continued on the second revolution of the drum (1 minute being omitted 
between records 1 and 2). In d, a second illumination (Z) caused a steep rise in O» 
content, but again with lags at illumination and darkening. Large time marks at 
base of records 1 minute apart. (Actual photographic records of galvanometer de- 

flections, the fine lines of a being traced with India ink for contrast.) 
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however. The residual current represents a steady state set up between 
the reduction of oxygen at the electrode and its diffusion from the body of 
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FIGURE 2 






































Deflections of galvanometer in series with stationary platinum electrode, polarized 
cathodally at 0.5 volt. In aa piece of living Ulva thallus was pushed tightly against 
the surface by means of a thin agar disc, and the O, in the intervening sea water film 
had dropped to a low, but not fully anaerobic level. At Z the Ulva was illuminated 
through the agar, giving an instant increase in O, content by photosynthesis. At D 
the thallus was darkened, showing the disappearance of O: by respiration plus elec- 
trode reduction. Two shorter light and dark periods follow. 

In b a piece of dead Ulva (previously boiled) was similarly exposed, and in c the elec- 
trode alone; the slight downward drift is probably due to warming with increased 
reduction of O2 at the electrode. Equal absence of effect is shown by a living tissue 
between two agar blocks with the current flowing, indicating that changes of resistance 
in the tissue are not responsible for the effects. 

Actual photographic records of galvanometer response, the fine lines in a traced with 
India ink for contrast. Sensitivity the same in all, the rise in a being to about half the 
O, content of aerated sea water. 6000 M. C. incandescent source, with CuSO, filter for 
infra-red. Large time marks 1 minute apart, small marks on a, 1.75 sec. 


the solution. Curves of this current vs. applied potential showed a good 
plateau in the range 0.3 to 0.7 volt, with practically identical values be- 
tween 0.4 and 0.6 volt, much like those of the dropping cathode. The mid- 
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value of 0.5 volt was chosen, and the electrode was kept cathodically polar- 
ized at this potential. The residual current was then closely proportional 
to oxygen tension in equilibrium with the solution, between nearly pure Ne 
(where practically no current flowed), through air, to 99.5% O». At 0.5 
volt applied potential, the O2 is reduced only to H,O2, the second reduction 
to H2O occurring at the second plateau around 1 volt and higher.‘ But the 
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FIGURE 3 

Submerged leaf of pondweed (Potamogeton), lower surface pressed tightly against 
a stationary mercury cathode polarized at 0.5 volt. Indicating instrument is a tor- 
sion string galvanometer (Kipp), with appropriate amplifier, to show responses to 
very brief illuminations (6000 M. C., incandescent source, CuSO, filter for infra-red). 
Two flashes each of the following durations were given (by camera shutter): a: 
0.75 sec.; b: 0.6 sec.; c: 0.25 sec.; d: 0.1 sec.; e: 0.04 sec.; f: 0.02 sec. as indi- 
cated on the figure. Decreasing but perceptible responses to each are given, in- 
creased O, content being upward on the record, as in previous figures. Vertical 
marks at base of each record are 0.2 sec. apart. Full height of each record repre- 
sents O, content of water in equilibrium with air. 


HO, would be broken down immediately by the catalase of the plant, and 
it seemed safer to have this happen (as postulated in the normal respiratory 
process) than run the risk of other substances, such as peroxides them- 
selves, being reduced at the higher potential. Actually the results at 1.0 
volt are much like those at 0.5 volt. 

In practice, a suspension of cells may be allowed to settle out upon a 
horizontal electrode, or they may be kept stirred by a vertical electrode in a 
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closed vessel, if absolute rate measurements are desired. Larger plants 
(coenocytes, thalli or leaves) may be also stirred in a definite volume, or 
they may be held tightly against the electrode by an agar block, the back 
side of the electrode being paraffined to restrict current flow to the contact 
surface. 

After the initial polarization on applying the potential has occurred, the 


























FIGURE 4 

Same as figure 3, but with duration of flashes indicated by the paler parts of the record; 
flashes by revolving disc, interrupting an incandescent source (6000 M. C.) with the fol- 
lowing intervals: a: 0.45 sec. light, 1.35 sec. dark; 6: 0.9 sec. light, 0.9 sec. dark; c: 
0.7 sec. light, 1.1 sec. dark; d, later portion of c, with long dark period in last half of rec- 
ord. Oz» production begins within the period of the string galvanometer (the deflections 
of which are rectangular to a calibration voltage at this record speed), and has a nearly 
constant rate during the flash, or slightly higher at the beginning. 

Time marks at base of each record, 0.2 sec. apart. Full height of record d represents O, 
content of water in equilibrium with air. 

Unretouched print from original negatives, which were illuminated by the same flashes 
as the plant. First flashes in a and b slightly shorter than the later ones, as shown by 
width of pale bands. 


current remains steady if the solution is aerated, or drifts slowly downward 
in a closed vessel as oxygen is consumed by the plant (in the dark) and by 
the electrode. (The contribution of the latter is determined by a control 
without the plant.) On illumination there is an increase of current, the 
response being delayed with the electrode at a slight distance (Fig. 1b), but 
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becoming almost instantaneous when it makes direct contact with the 
tissue (Fig. 2). Figures 3 and 4, taken with a faster galvanometer, show a 
practically instant response to light or dark periods. There is no hint of an 
“induction period,” here; ‘indeed, the rate of O, evolution appears to be 
slightly greater during the first moments of illumination than later, al- 
though changing diffusion gradients may be responsible for this apparent 
effect. An induction period is also absent even after rather long dark 
periods, provided the plant has been kept well aerated. This is in agree- 
ment with the findings of other workers,”* by less rapid methods. 

On the other hand, if anaerobic conditions have been reached in the dark 
(which in leaves might result from stomatal closing at night, and are here 
quickly attained in the thin film between tissue and electrode by the com- 
bined O2 consumption of both) interesting variations of the time curves are 
found, as shown in figure 5. After short anaerobic dark periods, there may 
be only a slight waver or “bayonet angle” in the curve; after longer periods 
this is seen as a brief cusp preceding the main curve; and after still longer 
dark periods, many seconds, or even minutes may follow the initial ‘‘oxygen 
gush” before the main trend of O2 evolution resumes. After an all-night 
anaerobic dark period the curve may be perfectly flat for many minutes be- 
fore rising, but it almost invariably shows the initial cusp before flattening. 

While the delay in the main curve could be called an “induction period,”’ 
it seems more reasonable to explain it in the manner suggested by Gaffron,’ 
as due to the accumulation of products of anaerobic respiration or fermenta- 
tion, which must be oxidized by the liberated O, before the latter becomes 
manifested as such (whether by pressure or electrical methods). The 
initial cusp may therefore show that such oxidation is slightly slower in 
starting than is the evolution of oxygen. 

Some uncertainty must be admitted as to the nature of this initial cusp. 
We have no sure means of proving that it is oxygen, instead of some other 
substance reducible at the electrode at this low potential. But there is no 
evidence of such a substance either on the polarographic or photosynthetic 
side, and it is not likely that a substance would be released from the cells 
and diffuse to the electrode so rapidly unless it were a gas. Since Gaffron’s 
curves,’ taken with a gas pressure method, show a broader though unmis- 
takable cusp of the same sort, we prefer to take the simplest view, that the 
electrode cusp is also due to oxygen. 

However, the cusp might be oxygen evolved by some light reaction not 
strictly photosynthetic. Heating seems to be ruled out, since infra-red 
alone causes a slow drift in the opposite direction; and the reaction is not 
shown by non-photosynthetic organisms, such as yeast or albino leaves. 
Possible complications due to guard cells and air spaces in leaves no doubt 
exist, but since marine algae also show the oxygen gush very well, it seems 
to be a general phenomenon in green plants. 
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It is tempting to compare the oxygen gush with the “acid gush” found 
with the glass electrode. They occur under the same conditions, after a 
long dark period, and especially anaerobically, and coincide well in dura- 
tion. They may be wholly independent, but it is possible to postulate a 
connection. Thus the oxygen gush, acting upon anaerobically accumu- 
lated substances permitting an R. Q. greater than 1.0, would release more 
CO, than was being simultaneously assimilated photosynthetically.”. Con- 











FIGURE 5 


Castor bean (Ricinus) leaf, lower surface pressed tightly (by thin agar plug) against 
a stationary mercury cathode, polarized at 0.5 volt. Current through series gal- 
vanometer proportional to O, content of water film, increased O, being upward on the 
record. The O; content had drifted down to nearly anaerobic levels through the com- 
bined effect of respiration, and of reduction by the electrode. The leaf was then il- 
huminated (through the agar) with incandescent light of about 7500 M. C. during the 
shaded parts of the record: in a after a 10 minute dark period, in b after 34 seconds, in 
c after 21 seconds and in d after 13.5 seconds dark periods, respectively. Note the 
immediate gush of O, production in each case, followed by a delay after long dark 
periods, but becoming a mere inflection in the rising curve after short dark periods. 

Heavy vertical lines are time marks, one minute apart. Arrows indicate beginning 
of illumination. Essentially similar records were obtained with a platinum electrode, 
and with marine algae (e.g., Ulva) without stomata or gas spaces. 


versely the acid gush might release CO, in large quantity, directly or from 
carbonates, allowing photosynthesis and O, evolution to start at a higher 
rate. Gaffron’s work suggests that the former is the more likely situation. 

On the other hand the oxygen records show no anomaly on darkening af- 
ter long illumination, to correspond with the “alkaline gush’”’ found with the 
glass electrode (which temporarily carries the pH change in a direction op- 
posite to its later drift). On darkening, the O, content of the water film in- 
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stantly drops, at first with a greatly enhanced rate, which may indicate an 
increased respiration (although altered diffusion gradients must be allowed 
for). This may be a valuable correction to apply in determining the true 
photosynthetic rate for quantum efficiency and other determinations. 
Other correlations, as with flashing light experiments, fluorescence decay, 
etc., are obvious. The connection with certain bio-electric effects, which 
were the original impetus in developing the method, will be discussed in 
another paper. 


1 Blinks, L. R., and Skow, R. K., Proc. Nat. Acad. Sct., 24, 413-419 (1938). 

2 See Spoehr, H. A., Photosynthesis, New York, 228-229 (1926). 

3 Tang, P. S., and Lin, C. Y., Jour. Cell. and Comp. Physiol., 9, 149 (1936), employed 
a platinum electrode in a suspension of Chlorella cells to follow the changes of oxidation- 
reduction potential during photosynthesis, but air was constantly bubbled through the 
suspension, so that changes in oxygen concentration probably did not occur. The ob- 
served change was of some other sort, upon an unknown oxidation-reduction system 
probably cellular metabolites. 

* Vitek, V., Collection Czechoslovak Chem. Communs., 7, 537 (1935); see also Chimie 
et Industrie, 29, 215 (1933). 

5 Baumberger, J. P., and Miiller, O., reported at winter meetings of Western Society 
of Naturalists, Stanford University, 1935, and at IX Int. Physiol. Congress, Ziirich 
(1938). 

6 Petering, H. G., and Daniels, F. (in press) and reported at meetings of the Elec- 
trochemical Society, Dallas (1938), and American Chemical Society, Milwaukee (1938). 

7 Gaffron, H., Biochem. Zeit., 280, 337 (1935); Naturwissenschaften, 25, 460, 715 
(1937). Also unpublished experiments and suggestions. 

8 Emerson, R., Ann. Rev. Biochem., 6, 539 (1937). 


REVERSAL OF THE POTASSIUM EFFECT IN NITELLA 
By W. J. V. OSTERHOUT AND S. E. HILL 


LABORATORIES OF THE ROCKEFELLER INSTITUTE FOR MEDICAL RESEARCH 


Communicated August 17, 1938 


The striking change of P.D. in a negative direction produced by potassium 
in Nitella has been called for convenience the potassium effect. It dis- 
appears! when cells are leached in distilled water. In such cells the effect 
is sometimes reversed so that replacement of 0.01 M NaCl by 0.01 M KCl 
makes the P.D. more positive, as shown in figure 1.? 

This was shown in a previous paper® but because it was infrequent it was 
passed over without comment. Since then cases have multiplied so that 
there is no doubt that it occurs regularly under certain conditions. 

Regarding these conditions not much can be said but the reversal appears 
to be favored by prolonged leaching. 
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In such cells the concentration effects of KCl and NaCl are practically 
alike, both being about 22 mv. with dilute solution positive in the external 
circuit. We therefore suppose that the apparent mobilities of K+ and 
Na? are approximately equal and attribute® the fact that KCl is positive 
to NaCl to a higher partition coefficient, S, for NaCl than for KCl (S = 
concentration in X, the outer non-aqueous protoplasmic surface layer + 
concentration in the external medium (cf. figure 2)). 


Neg. 
Zero 
Pos. 





FIGURE 1 


Photographic record showing that with a leached cell the substitution of KCl for 
NaCl may make the P.D. more positive (contrary to the effect on unleached cells). 

The leads were arranged as in figure 2: C is recorded (F was in contact with 
0.01 M NaCl). 

At the start C was in contact with 0.01 M NaCl: this solution was removed and the 
curve jumped to F, the ‘‘free grid’’ of the vacuum tube amplifier. When 0.01 M 
KCI was placed in contact with C the curve jumped back and then began to fall 
indicating that the P.p. was becoming more positive: this continued until it was 25 
mv. more positive. : 

This solution was removed and the curve jumped back to F but when 0.01 M NaCl 
was applied the curve jumped back and began to rise, returning nearly to the original 
value. 

The cell was freed from neighboring cells and kept for some days in Solution A 
(cf. Osterhout, W. J. V., and Hill, S. E., Jour. Gen. Physiol., 17, 87 (1933-34)) at 
15 + 1°. It was then kept for 3 days in distilled water at the same temperature. 
The measurements were made at 22°C. 

Time scale 1.8 mm. per second. 


In normal unleached cells the partition coefficients may be equal‘ or that 
of KCl may be greater than that of NaCl.5 Such differences in partition 
coefficients do not seem surprising in view of certain experiments with 
models which show that KCl is positive to NaCl with some non-aqueous 
liquids and negative with others. It would therefore seem that the behavior 
of the outer non-aqueous surface layer of the protoplasm might show either 
situation depending on the metabolism of the cell. 
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Taking the average as 22 
mv. for the change produced 
by substituting 0.01 M for 
0.001 M KCl we may write 
(for 20°C.) 


meee log ‘al 


u+yv GC” 


22 = 58 





where C’ and C” are concen- 
trations and u and v are the 
mobilities of the cation and 
anion, respectively. All values 
relate to X, the outer non- 
aqueous protoplasmic surface 


layer (Fig. 2). Putting C’ + 
Ci = 10 and 9: =. 1 we ob- 
tain ¢@ = 2:22: - Since the 


concentration effect of NaCl 
is approximately the same as 
that of KCl we may put ug = 
Una = 2.22. 
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FIGURE 2 

Diagram to show the arrangement of leads 
and the supposed structure of the protoplasm 
which is assumed to consist of an aqueous layer 
W, an outer non-aqueous layer X and an in- 
ner non-aqueous layer Y. 

The arrows show the outwardly directed (posi- 
tive) P.D. whose seat is supposed to be chiefly 
at Y when the cell is in pond water; hence the 
P.D. at X is regarded as negligible and is not 
shown. But under some conditions the P.D. 
at X may become important. 

Each lead is connected to a separate ampli- 
fier and to one string of the 3-string Ein- 
thoven galvanometer. 





The effect of substituting 0.01 M KCl for 0.01 M NaCl may be calcu- 
lated by means of Henderson’s equation which may be written (for 20°C.) 





i. a~ s (, — Vy) — Wy — Va) og U; + Vi 
a9 (Ui + Vi) — (Un + Vn) * Un + Vin 
where U; = Cyux, Vy = Cgvq,, Uy = Cyan, and Vi; = Cyatcy. In the 


present case where uy, = Ux = u this reduces® to 





P.D. = 58% ing lo ( Gave es eat 
u-+o Cea = Sx 
If we put for the ratio of partition coefficients Syaq) + Sxci = 8 


this gives for the p.p. 20 mv. with KCI positive to NaCl, which agrees with 


observation. 


If we make such calculations for different values of uy, = ug with 
Syaci + Sxc: = 8 we obtain the curve shown in figure 3 (other curves 


are added for comparison).’ 


In normal unleached cells of this same lot we have found® the values 
Ux = 11.9, ux, = 7.93, Seci + Swact = 60. It thus appears that leach- 
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ing with distilled water may affect both the mobilities and the partition 
coefficients. It is to be hoped that further studies may enable us to find 
other methods of controlling these important variables. (In this connec- 
tion we may recall that guaiacol lowers the mobility of K+ in Valonia® and 
increases the mobility of Nat in Valonia and in Halicystis;® and calcium 
lowers the partition coefficient of KCI in Nitella.') 

Summary.—In normal cells of Nitella KCl is strongly negative to NaCl 
(potassium effect). But in certain cells leached in distilled water this 
effect is reversed and KCl becomes positive to NaCl. 

Since the concentration effect indicates that uy, and ug (the mobilities 
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Shows the calculated values of the change in P.D. produced by substituting 0.01 M 
KCI for 0.01 M NaCl when wy, and ux (the mobilities of Na*+ and K* in the outer 
non-aqueous protoplasmic surface layer) are equal and the ratios of the partition coeffi- 
cients, Snaci + Ska, are 2,8 and 20. The mobility of Cl~ (vc) is taken as unity. 


of Na* and K* in the outer non-aqueous protoplasmic surface layer) are 
approximately equal, the reversal may be attributed to a higher partition 
coefficient for NaCl than for KCl. In unleached cells K+ has a higher 
mobility than Na* and its partition coefficient, S, is equal to or greater 
than that of Na+ (S = concentration in the outer non-aqueous proto- 
plasmic surface layer + concentration in the external medium). 

The experiments indicate that both the mobility and the partition coef- 
ficient can be changed by treatment with distilled water. 


1 Osterhout, W. J. V., and Hill, S. E., Jour. Gen. Physiol., 17, 105 (1933-34). 
* The experiments were made on Nitella flexilis, Ag., using the technique described 
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in former papers (cf. Osterhout, W. J. V., Ergebn. Physiol., 35, 967 (1938); Hill, S. E., 
and Osterhout, W. J. V., Jour. Gen. Physiol., 21, 541 (1937-38); Blinks, L. R., Zbid., 13, 
495 (1929-30). 

3 Osterhout, W. J. V., Jbid., 18, 987, figure 2 (1934-35). 

4 Osterhout, W. J. V., Zbid:, 13, 715 (1929-30). 

5 Hill, S. E., and Osterhout, W. J. V., Proc. Nat. Acad. Sct., 24, 312 (1938). 

6 We may write 


(uCna = UCNa) — (uC ~~ vCk uCnatvCna 











P.D. = 5 og = 
(uCna + vCNa) — (uCxk + vCx) uCx + vCK 
id (u — v) (Cra — Cr) a Cna(u + v) 
(u + 0) (Cxa — Ck) © Cx (u +9) 
u—v Cra 
= 58 =n: 
uty Ck 
7 As una = UK = u increases the P.D. approaches the limiting value P.p. = d8 log 
Cua + Cx. 


8 Osterhout, W. J. V., Jour. Gen Physiol., 20, 13 (1936-37). 
® Osterhout, W. J. V., Tbid., 21, 707 (1937-38). 
10 Unpublished. 


SYNTHESES CARRIED OUT IN VIVO BY ISOLATED 
PEA ROOTS: I 


By JAMES BONNER AND EDWIN R. BUCHMAN 


WILLIAM G. KERCKHOFF LABORATORIES OF THE BIOLOGICAL SCIENCES AND GATES AND 
CRELLIN LABORATORIES OF CHEMISTRY, CALIFORNIA INSTITUTE OF TECHNOLOGY 


Communicated September 12, 1938 


There has long been interest in the mechanisms by which chemical 
reactions take place im vivo, and numerous techniques have been applied 
to the study of this problem. A precise interpretation of purely analytical 
results is, however, often difficult or impossible, particularly if the reac- 
tions in question have been allowed to take place in the intact organism. 
It is desired to present in the present paper a few of the results obtained 
with the aid of a new experimental approach to the problem of physiological 
syntheses. A single relatively simple organ has been cultivated in vitro 
under conditions which have been closely controlled both as to external 
environment and as to nutrient supply, and the metabolism related to a 
single well defined and readily determinable substance has been inves- 
tigated. 

In earlier papers!? it has been shown that isolated pea roots may be suc- 
cessfully grown in vitro provided only that a suitable nutrient medium is 
used. Such a nutrient medium must of course contain carbohydrates (in 
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this case sucrose), a source of nitrogen (in this case nitrate) and the correct 
kinds and proportions of inorganic salts. The medium must in addition 
contain a small amount, 0.1 mg. per liter or less, of vitamin B, if continued 
growth of the root is to occur. It is with the metabolism of vitamin B, 
and related substances that the present paper is concerned. 

It has been found possible* to replace B,; by various other similarly con- 
stituted substances or combinations of such materials. The question 
naturally arises whether or not these substances are transformed by the 
organism into the vitamin itself. An answer can be obtained if the rate of 
formation of B, in vivo is substantially greater than the rate of its destruc- 
tion and if an assay method can be made available which is specific for 
the vitamin molecule. Both of these conditions are well enough met in 
the cases to be discussed so that some picture can be presented of modes 
and limitations of such syntheses as effected by isolated pea roots. 

The methods used have been described in detail elsewhere*** and need 
not be gone into here. Three general types of measurements have been 
made: 

1. Ability of substances related to vitamin B, to replace the latter in 
supporting the growth of excised pea roots. 

2. A quantitative assay with the fungus Phytophthora cinnamomi, 
which is used for the determination of amounts of vitamin B,.° 

3. A quantitative assay with the fungus Phycomyces Blakesleeanus, 
which is used for the determination of the total of vitamin B,; and/or free 
vitamin pyrimidine plus vitamin thiazole.** 

The vitamin B, molecule contains a substituted pyrimidine nucleus 
linked through a methylene bridge to a substituted thiazole nucleus. These 
two portions, which will be referred to hereafter as the ‘“‘vitamin pyrimi- 
dine” and the ‘‘vitamin thiazole,” may be linked in vitro to form the vita- 
min itself. In order that this condensation (Reaction (1)) take place in 
the test tube it is essential that the 5-methyl group of the pyrimidine be 
substituted with a reactive group X, such as a Br atom. 


N=C—NH:2 
| S———C—CH,CH:20H in witro™* 
CH;—C C—CH2X + I oo 
f || HC C—CH; ——> 
N—CH nN’ in vivo 
Vitamin Vitamin 
pyrimidine thiazole 
oh CH.CH,OH 
N=C—NH, ——=C 
ses - (1) 
CH;—C C—CH,—-N 
|| | - ee 
N—CH x H 
Thiamin 


(Vitamin B;) 














VoL. 24, 1938 PHYSIOLOGY: BONNER AND BUCHMAN 433 


It has been shown’ that numerous organisms which require vitamin B, 
as an accessory growth factor are able to utilize a mixture of the vitamin 
pyrimidine and the vitamin thiazole in place of the vitamin itself. In fact, 
pyrimidines which cannot in vitro be linked with the vitamin thiazole, such 
as the 5-aminomethyl pyrimidine (X = NH), may even be used as the 
pyrimidine component for the growth of certain microérganisms and for 
the pea root.* It has been generally supposed that these organisms actually 
combine the pyrimidine and thiazole halves in vivo to form the vitamin. 
In no case, however, has such a synthesis been actually demonstrated. 
Evidence that the pea root does in fact synthesize vitamin B, was obtained 
from experiments in which pea roots were supplied with a mixture of the 
5j-aminomethyl pyrimidine and the vitamin thiazole. After the roots had 
grown with this mixture as their growth factor, root tips were removed 
and assayed (a) by the Phytophthora test, which determines the vitamin 
B,> but not the pyrimidine-thiazole mixture, and (b) by the Phycomyces 
test, which determines vitamin B, and/or any of the uncombined intermedi- 
ates. Table 1 shows that the roots contain only vitamin B, and no signifi- 
cant amount of the uncombined intermediates.” 


TABLE 1 
VITAMIN B,; CONTENT OF PEA Root TIPS AFTER CULTIVATION WITH VARIOUS GROWTH 
FACTORS 
GROWTH FACTOR SUPPLIED 
sae anti 
CONTENT OF NONE THIAZOLE VITAMIN B; 
Vitamin B; 0 100% 100% 
(Phytophthora assay) 
Vitamin B, and/or 0 100% 100% 


pyrimidine + thiazole 
(Phycomyces assay) 

Pyrimidine + thiazole 0 insignificant insignificant 
(difference of the two assays) 


It is also of interest that the roots supplied with the mixture of inter- 
mediates contain as much of the vitamin as do roots supplied with the 
vitamin itself. Control roots contain no appreciable amount of the vita- 
min. This means, then, on the assumption made in footnote 5, that the pea 
root must be capable of conducting im vivo a synthesis of the vitamin which 
does not take place in the test tube and we postulate that this synthesis 
is due to the action of a specific enzyme"! furnished by the organism. 

It was further found, by experiments similar to these, that the root is also 
able to synthesize vitamin B,, in the presence of the vitamin thiazole, from 
pyrimidines in which the 5-methyl group is substituted with either an 
ethoxy (X = OC.H;s) or a thioformamido group (X = NHCSH). 

By means of what we shall term “‘competition’”’ experiments, it was found 
possible to study the limitations of this in sivo coupling of pyrimidine and 
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thiazole by roots. In this paper the application of this tool to the study 
of the following reaction is pointed out; it should be noted, however, that 
the method is capable of considerably wider application. 


N=C—OH 
! ] 
. I . Vitamin in vivo 
CH:—C C—CH:X + thiazole = —/—> 
N—CH 
6-Hydroxy pyrimidine CH; CH:CH:OH 
ie aes ye 
a~C CCE, (2) 
1] eS. 
Lf ; “C—S 
N—CH x H 


6-Hydroxy thiamin 

——/—> indicates that the reaction does not take place under the conditions specified. 

6-Hydroxy vitamin does not support the growth of pea roots’? either 
alone or in combination with vitamin pyrimidine.'* Therefore this vitamin 
analog does not break up appreciably 7” vivo to make the vitamin thiazole 
available for recombination. Moreover, when 6-OH pyrimidine (X = 
OC:H;) is added, even in large excess, to a mixture of vitamin pyrimidine 
(X = OC2H;) and vitamin thiazole, it is found to exert no effect on the 
activity of the mixture in supporting the growth of pea roots. Reasoning 
from these results, the stability of the inactive vitamin analog and the 
inability of the inactive pyrimidine to “compete” with the active pyrimi- 
dine for the available vitamin thiazole, we conclude that an enzymatic 
synthesis (Reaction (2)) of the 6-OH vitamin is not accomplished at a de- 
tectable rate im vivo. Hence the enzyme system which we assume to be 
responsible for in vivo synthesis of the vitamin exhibits a certain degree of 
specificity in its action. Numerous analogs of the vitamin thiazole are 
active as the thiazole component in supporting the growth of pea roots 
and hence are presumably synthesized to vitamin analogs in vivo, so that 
the specificity of the above enzyme system is by no means complete. 

The fact that it has not been found possible to obtain evidence for an 
in vivo production of thiamin according to reactions (3) and (4) lends fur- 
ther weight to the view that the vitamin is actually produced in nature 
by a simple joining of its two halves. 


N=C—NH, a alia 
in vitro 
" A aie wrk Acet 1 alcohol —-—~> ae : 
CH;—C C—CH,NHCSH + se pottery wk Thiamin (3) 
N—CH in vivo 
ae i Re in vitro’ 
CH;—C CH + HCHO + Vitamin thiazole —/—> Thiamin (4) 


! 
a Bin 
ul u JO 
N—CH adianaie 
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The pea root is unable to synthesize either vitamin pyrimidine or vitamin 
thiazole from the sucrose and the inorganic constituents of the basic nutri- 
ent medium. We have found that it is, however, able to synthesize the 
vitamin thiazole from appropriate simpler substances. Of the two re- 
actions given here for formation of the thiazole only the first one takes 
place in the test tube whereas pea roots can be shown to accomplish both 
of them. 


in vitro's S——C—CH,.CH:0H 
HCSNH: + CH;COCHCICH.CH,;OH ——> | | 
Thioformamide Chloroacetopropyl alcohol ———>» HC C—CH; (5) 
in vivo Sw 


Vitamin thiazole 


in vitro 
HCSNH ot CH;COCH;CH:CH;0H —/—> . ‘ - 4 x 
Acetopropy! alcohol — Vitamin thiazole (6) 

in vivo 


When supplied with a mixture of vitamin pyrimidine, thioformamide,” 
and either chloroacetopropyl alcohol or acetopropyl alcohol, the roots 
grow as well and contain as much thiamin (as judged by the Phycomyces 
assay) as roots supplied with vitamin B, itself. 


TABLE 2 


VITAMIN B,; CONTENT OF PEA Root TIPS AFTER CULTIVATION WITH VITAMIN PYRIMIDINE 
AND AcyYCcLIC THIAZOLE INTERMEDIATES 
GROWTH FACTOR SUPPLIED 


PYRIMIDINE PYRIMIDINE 


THIOFORMAMIDE THIOFORMAMIDE 
+ CHLOROACETO- 


PYRIMIDINE PROPYL ACETOPROPYL 
+ ALCOHOL ALCOHOL 
VITAMIN (REACTION (REACTION 
NONE THIAZOLE (5)) (6)) 
Vitamin B; content 0 100% 100% 100% 


(Phycomyces assay) 


Control experiments with Phycomyces show that this organism cannot 
in either case utilize the thiazole intermediates to replace the vitamin 
thiazole under the present conditions. This, then, justifies the use of the 
Phycomyces assay in the experiments of table 2 and also indicates that under 
our conditions the synthesis of thiazole according to Reaction (5) is enzy- 
matic in nature. It may be concluded that the pea root is able to effect 
a ring closure from thioformamide and either acetopropy] alcohol or its 
chloro derivative with the formation of the vitamin thiazole. It would 
seem not unlikely that the synthesis of the thiazole ring in nature is accom- 
plished in a similar manner. 

The 4-methyl, 5-a-hydroxyethyl thiazole possesses a considerable activ- 
ity as the thiazole component for the growth of pea roots. The synthesis 
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of this analog of the vitamin thiazole can be formulated as follows: 


in vivo S——-C—CHOHCH; 
HCSNH: + CH;COCH:CHOHCH; —/—> | 
HC C—CH; (7) 


a7 


Such a synthesis is not, however, effected by pea roots, i.e., although the 
roots are apparently able to utilize this analog if it is supplied to them 
ready made, they are unable to synthesize it as they are the vitamin 
thiazole. This indicates that also in the case of the enzyme system re- 
sponsible for thiazole synthesis there is a considerable specificity. 

A number of analogs of the vitamin thiazole are highly active as the 
thiazole component for the growth of isolated pea roots. In the figure are 


Reactions which in the pea root: 





take place im vivo do not take place in vivo 
S —CH2CH2Cl 
\._ /-CHs " 
Sw ~*~ = ;-CHOHCH; 
Me ff ge 
N 


S———CH=CH; % wit 
\y7 OE oe es | 

ahs. CH.CH.OH ~~ 

ie. H; ’ 





S 
\ /7-CH: ———_—_—_——> ‘vn 


N gs /-CH; 
3 Vitamin thiazole N 
S CH.CH.2NH2 | 


“_o | i \ s——cncr.0n 


/S00H CHr\ ACH 
S——CH;CH¢ 


i y 
WY —CH; a 


shown, at the left, five such analogs each of which could conceivably be 
converted in vivo by the organism to the vitamin thiazole, shown in the 
center. Such a transformation actually does take place; roots supplied 
with vitamin pyrimidine plus any one of these five analogs of the vitamin 
thiazole not only grow as well, but also contain essentially the same amount 
of vitamin B, as do roots grown upon the vitamin itself. The vitamin assays 
were carried out in these cases by the Phycomyces method which is permis- 
sible since the five analogs under discussion have themselves activities 
upon the growth of Phycomyces which are much smaller than that of the 
vitamin thiazole.‘ 

The three thiazole analogs'* which are shown at the right of the figure 
are also active in supporting the growth of pea roots. It would seem a 
priori unlikely from a chemical standpoint that any of these should be 


--CH:CH2SH & Jo 











S -CH.CHOHCH: 





OH 








VoL, 24, 1938 PHYSIOLOGY: BONNER AND BUCHMAN 437 


metabolized to the vitamin thiazole by the root. Experiment shows that 
in no case do pea roots which have grown with one of these analogs as the 
thiazole component of the medium contain any significant amount of 
substance active in supporting the growth of Phycomyces. It must there- 
fore be concluded that indeed no 7m vivo conversion to the vitamin thiazole 
takes place in these cases and consequently that each of these three thia- 
zoles can form a part of a hormone molecule differing in structure from, but 
having physiological properties similar to the natural vitamin. 

It has been shown in the present paper that the pea root synthesizes 
vitamin B, (or a substance indistinguishable from vitamin B; by the 
Phytophthora bioassay) from a mixture of the pyrimidine and thiazole 
components of the vitamin molecule, and that this reaction is car- 
ried out im vivo under conditions such that no 7m vitro reaction can occur. 
There is a considerable specificity as to the structures of the pyrimidine 
and thiazole which may take part. This must then be a synthesis in which 
a specific enzyme, a “thiaminase’”’ (from ‘‘thiamin,” the chemical name 
proposed for the vitamin”), takes part. A second and distinct enzyme 
system is able to effect closure of the thiazole ring from suitable acyclic 
substances to form the vitamin thiazole. Since analogs of the vitamin 
thiazole are apparently not formed in analogous fashion, this ‘‘thiazolase’’ 
must also be somewhat specific in its action. The suggestion is made that 
both “‘thiaminase”’ and ‘‘thiazolase’’ play a part in the natural synthesis of 
thiamin by the plant. It has further been shown that certain thiazole 
derivatives are transformed to the vitamin thiazole in vivo by enzymatic 
reactions corresponding to deamination, decarboxylation, hydrolysis and 
hydration; whereas certain other growth-promoting thiazoles are not 
so transformed. It is suggested that the methods outlined in the 
present paper may offer a new and more exact approach to the problem of 
the mechanism of biosyntheses. 
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For a full century biologists have found the conception of the cell as a 
structural and functional unit an invaluable aid in the interpretation of 
vital phenomena. The fact that this unit is large enough for its parts to 
be seen in different functional stages has made the interpretation of struc- 
tural conditions possible to a degree otherwise unattainable. Much re- 
mains to be done in this way, but for any striking advance new guides are 
required. Biologists join the physical scientists in the search for lesser 
units to explain operations within the cell. The fundamental question that 
then arises is this: Are these units merely those with which chemists and 
physicists are accustomed to deal, or are there others, characteristic only 
of living systems? Would a complete understanding of atomic and molecu- 
lar phenomena be sufficient to explain vital phenomena or would there 
still remain for solution by the methods of biology a residuum character- 
istic only of living things? Most biologists are of the opinion that there is 
a field characteristically their own and this view has been more clearly 
defined during the years of the present century by the combined work of 
cytology and genetics. This has required for its elaboration the postulate 
of conceptual submicroscopic units or genes, which stand for living phe- 
nomena in somewhat the same relation that atoms and molecules do for 
the non-living. The philosophical necessity for such aids to the under- 
standing of organic processes has always existed, and has frequently been 
supplied by theorists seeking to explain particularly the processes of in- 
heritance, but it is only in recent years that the mechanisms involved 
have been so well understood that quantitative measurements could be 
applied. The existence of biological units is now quite as well demon- 
strated as is that of physical units, and their position in the cell is known, 
not merely in general, but individually, in cases sufficiently studied. 

It is now quite apparent also that the cell is composed of a racial portion, 
the nucleus and another more directly involved in the processes of the in- 
dividual, the cytosome. Within the nucleus, particularly apparent in the 
germ cells during all their changes, are found the chromosomes, which in 
their structure and behavior supply the mechanism required to explain 
genetic phenomena. Extensive, varied and consistent studies have shown 
that somatic characters result from the functioning of specific controls, 
or genes, within a reaction system; that these genes are aggregated into 
chromosomes of constant and specific character, which in their size and 
number correspond to groups of somatic characters; that the order of ar- 
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rangement of the ultimate determiners within the chromosomes is linear 
and generally constant; that disturbances of the order of the determiners 
is followed by changes in their operation; that certain regions of chromo- 
somes do not have apparent direct relations with particular ultimate somatic 
characters as do the others; that specific effects are produced at different 
times in development; that individual organisms of great complexity pass 
through the same developmental stages as do those of simpler organiza- 
tion and then proceed further into distinctive changes of their own; that 
all organisms, whether simple or complex, are dependent for their existence 
upon the performance of a similar, limited series of functions; that during 
development there is a definite correlation between the character of the per- 
formance of these functions and the state of complexity of the structures 
involved. These conditions must depend upon the organization of the cell 
in relation to the determining racial elements which govern its operations. 
In other words, the problem is to explain present performances in terms of 
past experiences, recorded in the continuous, racial elements. 

The importance of the linear order of the elements of the chromosomes 
is clearly indicated by its constancy and by its prominence and evident im- 
portance in relation to mitosis. The whole series of complicated phenomena 
in karyokinesis is obviously concerned in the maintenance, from generation 
to generation, of the precise linear organization of the individual chromo- 
somes. It was the recognition of the importance of this fact which brought 
to Roux his conception of the theoretical significance of the chromosomes. 
There is nothing in all the structure of the cell more precise and constant, 
which indicates that there is nothing more significant. 

Certain questions, naturally, arise: How did this linear order of the genes 
become established and what significance does it have ontogenetically and 
phylogenetically? In answering these questions we have to recall the all- 
important fact that living things are always in a state of becoming some- 
thing else. In individual development a one-celled individual becomes in 
a short time an organized aggregate of innumerable cells. A species, over 
a longer period of time, becomes of another type. The whole system of 
organic forms is regarded as advancing from relatively simple conditions 
to more and more complex—there is a prevailing direction to the constant 
and endless variation everywhere apparent. This involves an increase in 
the number of parts and a consequent greater complexity of relations be- 
tween them. If this is true of the visible structures which constitute 
organisms, it must also be true of the controls upon which these depend for 
their existence. What comes out of an egg depends upon what goes into 
it—and what goes into it are the results of the accumulated experiences of 
its innumerable forbears. We cannot but assume thus there has been a 
constant increase in the number of genes corresponding to the greater com- 
plexity of higher organic forms. Since additional parts, in passing from 
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relatively simple to complex, are added according to a prevailing pattern, 
we are forced to conclude that additional genes must take their place con- 
formably in the system. 

How do new genes arise and how are they added to the system? It 
would undoubtedly be most satisfying to physicists to know how electrons, 
atoms and molecules came into existence, but even without this knowledge 
they are able to make progress in their understanding by using these hy- 
pothetical concepts as guides to their thinking. The biologists are similarly 
situated with respect to their ultimate conceptual units. Undoubtedly in 
every case these origins are not isolated and independent things but the 
results of interactions between conditions or systems, which have arisen in 
response to preéxisting conditions. We may assume that the first living 
particle—let us call it a gene—arose in direct response to surrounding con- 
ditions. These conditions we know must have been those of the narrowly 
limited range which present living things require. The gene must have 
had, because of its form of organization, those properties which character- 
ize the living system—preéminently the power to transform other sub- 
stances into elements of its own system and the ability to reproduce similar 
units. It is no more teleological to make such an assumption than it is to 
conceive the properties of chlorine to be what they are because of the 
peculiar organization of the chlorine unit, or atom. Units have different 
properties because they differ in organization. One common characteristic 
of most units, however, is that they do not exist separately but are united 
into systems. We do not find genes as free and independent elements, but 
only as parts of larger organizations or chromosomes. Here they are dis- 
tributed demonstrably in a linear order from proximal to distal. At the 
proximal end chromosomes are often directly related to the rest of the cell, 
and cannot maintain themselves in the system without this connection 
through the acromite. 

Assuming that the beginning of a living system was a single unit, how 
did others become connected to it to form a chromosome eventually? 
there are, of course, two theoretical possibilities—either separate units 
come together, or the original unit, because of its power of reproduction, 
increased the number by dividing. The latter method is observed in every 
mitosis, but the products are identical and nothing new is added to the 
system. The reason for this obviously is that the plane of division is 
longitudinal and the series is merely duplicated. If, however, the hy- 
pothetical single genes had also the power, in response to the conditions 
under which the system must exist, to divide so that one derivative would 
be proximal, the other distal, e.g., to the substratum, then diversity instead 
of uniformity would result. Equivalent division is the almost exclusive 
form and must be consequent upon forces within the dividing unit; dif- 
ferential division is rare and presumably follows as a reaction between the 
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system and its environment. This seems to be a logical necessity for the 
system cannot exist apart from its environment and is constantly reacting 
with it. This gives a partial answer also to the very pertinent question: 
“Why, if the single unit system is able to maintain itself, should it become 
more complicated by the addition of more parts?” Undoubtedly by the 
very nature of a living unit, it must vary. In this respect it is just the op- 
posite of non-living units, which by their inner nature must remain rela- 
tively constant. The explanation of one case is just as immediate as the 
other. The entire history of living things shows clearly also that this 
variation is in the main unidirectional—from simple to complex. This 
complexity may result from changes within the single cellular unit or by 
the addition of more units. Both of these methods are found in living 
systems, but obviously for the production of chromosomes additional units 
are required. If, then, we assume that the original single unit may divide 
so as to produce seriation as well as equivalent duplication, there is pro- 
vided the means by which ultimately linear strings of genes, embodied in 
chromosomes, will result. 

Under this assumption it follows also that the spatial order from proxi- 
mal to distal, represents, in general, the temporal seriation. There is, 
however, no reason to suppose that this is necessarily absolute, because any 
unit in the chain might perform such a division if the proper stimulus were 
applied, but in general the older elements in the series would be proximal. 
If the assumption is correct that particular characters are due to the dis- 
tinctive action of discrete units in a reaction system then it follows that 
greater complexity—more characters—means more control units, i.e., 
there must be more genes in more chromosomes. Such an assumption 
must, however, not be taken too narrowly. There is obviously not a single, 
one-to-one relation between a gene and a character. One gene has many 
effects, and probably, in some degree every gene in the system is involved 
in the production of each character. After all, the structures of an organism 
are significant only in relation to the functions they perform, and these 
common functions of all organisms are relatively few. Phylogenetic ad- 
vance is not marked by additional functions but by the better and more 
highly developed performance of certain ones of the common series. Since 
so much of the value of an element in a reaction system is measured, not by 
its mere presence, but by the range and character of its interactions, the 
addition of a single element has effects far out of proportion to its numerical 
relation to the whole. 

The time at which a factor operates has been shown experimentally to 
modify its distinctive effect. Sometimes if a factor fails in specific opera- 
tion at its normal time, its customary effect on certain developing char- 
acters fails. The element of time is very significant in development. The 
question naturally arises therefore, ‘Is there any structure in the cell 
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which seems adapted to provide a temporal sequence of functioning con- 
trols? Particularly, since the controls, or genes, are located in the chromo- 
somes, does their structure suggest a sequence in operation?’’ Very clearly 
the linear order of chromosome organization supplies the answer to this 
question. If sequence were not involved in the operation of controls the 
genes could just as well exist as separate elements. There is obviously 
great significance connected with the linear association of genes into chro- 
mosomes, and it seems most reasonable to conclude that this lies in the 
temporal sequence of their addition to the series and a resultant order of 
their operation in it. That this is true is indicated by the fact that inver- 
sions and translocations may be followed by distinctive genetical effects, 
i.e., the same series of controls in two different orders may produce two 
characteristically different results. 

Most of the y-chromosome and certain portions of other chromosomes 
have been described as “inactive” or “genetically inert’’—this because no 
somatic characters have been experimentally associated with definite re- 
gions in them. In a reaction system it is inconceivable that any part can 
be continuously present and without effect upon its operation. Its mere 
presence would modify the processes going on and the energy required 
for maintenance and reproduction must, by that much, lessen the total 
energy available in the system. It is very evident that there cannot be 
“inactive” chromatin in a cell, but it is equally clear that the customary 
association between definite chromosome levels and particular eventual 
characters cannot be made. What is the answer to this apparent paradox? 
Embryological characters, as a rule, have not been associated with indi- 
vidual genes. These result from processes of early somatogenesis and not 
the minute final differences usually employed to characterize gene action. 
It is entirely possible that these comprehensive effects, found in early stages 
of development, are due to the operation, principally, of these so-called 
inactive regions. This is entirely consistent with the assumptions pre- 
viously made, for these changes occur early in the series and the “‘inactive”’ 
regions are proximal in position, where the assumed oldest genes occur. 
It is possible that any particular chromosome would show a different pro- 
portionate structure if studied at different ontogenetic stages. Somatic 
cells, representing the final changes in a differentiating series, might well 
exhibit such differences when compared with germ cells, particularly so 
far as genic structure is concerned. Some of the variations between the pro- 
portions of salivary gland chromosomes and those of the germ cells may be 
due to this cause. 

The problem of why genes are associated into chromosomes seems to be 
reasonably solved by the assumption of sequence in accession and func- 
tioning; there remains the further problem of accounting for the presence 
of more than one chromosome in a nucleus. Sexual reproduction assures 
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at least two chromosomes in a somatic nucleus and this is apparently real- 
ized in Ascaris megalocephala var. univalens. Commonly there are more 
in a duplicate series. Whatever the number, often a single representative 
of each kind of chromosome, or a haploid set, is sufficient for normal de- 
velopment. The absence of a single kind of chromosome, or even the part 
of one, will prevent normal functioning. Obviously some form of chromo- 
some interaction is involved, and this would suggest distinctive character- 
istics for each chromosome. Doubtless this differentiation exists, but the 
nature of it is not apparent. The extensive analytical genetic work on 
Drosophila does not indicate any regional effects. Factors for eye, body 
or wing characters may be found in two or more chromosomes. Lethal 
factors are similarly distributed. 

Suggestive, of course, is the case of the sex-chromosomes. Here a part 
of one chromosome affects all the characters of the body, modifying them so 
that they take on alternative aspects in the two sexes. This has usually 
been regarded as a special case, but it is probable that in one way or another 
the action of genes commonly has this pervasive effect. It is clear enough 
that some minute distinctive character which is used to designate a gene 
cannot be the total of its effect in the system. A careful analysis of the 
data already obtained from Drosophila might do much to reveal the funda- 
mental and systemic effects of genes. Work like that of Poulson (‘‘Chro- 
mosomal Deficiencies and the Embryonic Development of Drosophila mel- 
anogaster,”’ Proc. Nat. Acad. Sci., 23, 133 (1937)) brings definite infor- 
mation regarding the profound influence of even a small portion of a 
chromosome upon development. Here a deficiency extending from 1.5 to 
5.5 containing genes named for eye and wing characters, is sufficient to pre- 
vent almost entirely the formation of entoblast and mesoblast in the 
embryo. 

It may not be without significance that the deficiency which prevents 
normal development in these early embryological characters is located in 
the proximal region of the chromosome. The relation of the proximal por- 
tions of chromosomes to early embryological characters may also be indi- 
cated by the fact that all the striations here are continuous through the 
chromocenter in Drosophila, suggesting homologies in genes and their 
effects in development (Prokofyeva-Belgovskya, Cytologia, 6, 442 (1934- 
35)). It is already apparent that in the endeavor to analyze the relations 
of genes to characters in development, we must not be misled by consider- 
ing only their effects upon superficial characters. 

If deficiencies in different regions of this or other chromosomes have their 
own distinctive effects, it would be possible to test theories of gene and 
chromosome action. Here again the sex-determining mechanism is sug- 
gestive, for it has been shown that the portion of the X-chromosome so 
concerned produces its effects only in codperation with the remaining chro- 
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mosomes. In the reaction system of the cell, one chromosome establishes 
a balance in relation to the others which is determinative in shaping the 
characters of the body in one or another mold—all the characters, not just 
afew. This must be essentially what happens in the determination of all 
structural relations of the body. It is impossible to consider a sole and 
direct relation between one determiner and one character. This would 
mean lack of interrelations between determiners, something which does not 
exist, according to all the evidence we have. 

The nature of this interrelation is a part of the general problem of cell 
organization. There is no understanding of the character of any element 
of a cell apart from its associations in the whole. While the final aim of 
cytology is a comprehension of this whole, our only hope of achieving it is 
through an analytical treatment of its constituent elements. At present 
our strongest hope is through a study of the chromosomes, but in thus 
concentrating upon them we do not lose sight of their place in the cell as 
a unit. Likewise, in an effort to understand the nature of a chromosome 
as a whole, we are forced to subject it to an analytical treatment. With 
our present understanding there is no hope of progress toward a compre- 
hension of the functions of a chromosome in terms of the whole unit. Prac- 
tically all that we know of the subject was learned by studying the effects 
of its parts, or genes, in reproduction. But the chromosome is a unit— 
there is something significant in this unit. In maturation and fertilization 
its own movements are important. To understand how a cell came into 
existence we will need to know how more than one chromosome enters into 
the formation of a nucleus and what is the nature of the resulting interrela- 
tions. In any aspect of the living system the basic element is that of inter- 
relations, or organization, which comes about as a result of the nature of its 
constituent parts and it is not due to the action of external forces. It is only 
with full appreciation of this fact that we can hope to arrive at an under- 
standing of the place and function of the chromosomes in the cell. 
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FEATHER CHARACTERIZATION AS STUDIED IN HOST-GRA FT 
COMBINATIONS BETWEEN CHICK EMBRYOS OF DIFFERENT 


BREEDS 


By B. H. WILLIER AND Mary E. RAWLES 
DEPARTMENT OF ZOOLOGY, THE UNIVERSITY OF ROCHESTER 


Communicated August 18, 1938 


In previous reports'*, it was shown that minute pieces of head skin 
ectoderm from chick embryos of the breeds Barred Plymouth Rock, 
Rhode Island Red and F; hybrid (Barred Plymouth Rock 9 X Rhode 
Island Red <), grafted to the base of the wing bud of an embryo of the 
White Leghorn breed results in the formation of an extensive area of pig- 
mented down feathers covering the entire wing and often adjacent parts of 
the breast, back and thigh. In reciprocal experiments, skin ectoderm from 
White Leghorn grafted to the pigmented hosts failed to produce patches 
of white feathers. 

After hatching, the down feathers of such areas are gradually replaced 
by juvenile contour feathers having the form, rate of growth and arrange- 
ment in tracts characteristic of feathers in corresponding positions in host 
controls but always the color of the donor breed. In other words, the 
feather formed resembles the host feather in all respects except for color 
or color pattern which is similar to, if not identical with, that of the donor 
breed. The manner of origin of the donor-colored feather areas on the 
White Leghorn hosts remained problematical. 

The purpose of the present paper is to make a further analysis of the rédle 
that both donor and host seem to play in feather characterization in the 
graft area. This involves an examination of two hypotheses as to the 
mode of origin of the donor-colored feather area. (1) That it arises solely 
by growth and spread of the original implanted piece. Such an origin 
could readily account for the result since the feathers of this area would be 
derived from feather germs,* the epidermal component of which is composed 
of donor cells alone. (2) That it is formed from host skin but, owing to 
some influence from the implant, the feather produced becomes donor- 
colored. In this case, the implanted skin ectoderm, although incorporated 
at the implantation site, replaces little, if any, of the host epidermis of the 
graft area. Under such conditions the feather formed would be the prod- 
uct of the codperation of host feather germs and of donor cells (chro- 
matophores) or diffusible substances originating from them. 

For this investigation, graft-host combinations between embryos of 
Barred Plymouth Rock, Rhode Island Red, F; hybrid (from the cross 
Barred Plymouth Rock 9 X Rhode Island Red <), Black Minorca, Buff 
Minorca, S. C. White Leghorn, White Plymouth Rock, White Wyandotte 
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and White Silkie bantam breeds have been tested. Both skin ectoderm 
to which some mesenchyme adheres and pure limb bud mesoderm were 
used as implants. The source of the skin ectoderm was usually the dorsal- 
lateral surface of the head anterior to the otocyst but, in a few cases, it 
was taken from other regions of the embryo such as the wing, leg or back. 
The site of transplantation was usually the base of the wing bud; however, 
in some cases the transplant was placed on the dorsal surface of the head, 








FIGURE 1 
A 15-day old Black Minorca chick exhibiting white plumage on the wing and 
breast, produced by grafting to the limb-bud base of the host at 72 hours’ incubation 
a piece of skin ectoderm from the head of a White Silkie embryo. The flight feathers, 
although donor-colored, are in structure, shape, rate of growth and distribution like 
host control feathers. 


the hind limb bud or the tail bud. The method of grafting, age of embryo 
used as donor or host and subsequent treatment of the operated egg were 
the same as described in a former paper.! 

Skin Ectoderm Grafts Grafting a piece of head skin ectoderm from 
embryos of breeds with pigmented feathers or with white feathers to em- 
bryos of breeds having either white or pigmented plumage results in the 
formation of an area of donor-colored feathers on the wing and often ad- 
jacent regions of the host (Fig. 1). When White Leghorn, however, is 
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donor to Barred Plymouth Rock, F, hybrid and Rhode Island Red host 
embryos, no white feathers appear in the graft area. Black and Buff 
Minorca hosts are the only ones on which a White Leghorn implant has 
produced a patch of white feathers on the wing. Furthermore, it has been 
found that host-graft combinations of the various white-feathered breeds 
(Leghorn, Wyandotte and Rock) always produce white, not pigmented, 
feathers, donor and host feathers being indistinguishable. 

When head skin is placed into the tail bud, the tail region of the chick 
embryo develops donor-colored feathers. Skin ectoderm obtained from 
other regions (wing, leg or back) of the embryo is likewise capable of pro- 
ducing a donor-colored feather area when transplanted to the wing bud 
base or to other sites such as the head, leg and tail. In these experiments 
on possible position effects, the host was usually White Leghorn and the 
donors Barred Plymouth Rock, Buff Minorca or F; hybrid embryos. 

Irrespective of its source, skin ectoderm produces on the head a small 
localized area of donor-colored feathers instead of a large, much spread out 
patch which occurs when a transplant is placed into the wing, leg or tail 
buds. In general the path of extension of the effect is toward the tip of the 
limb and ventrally to the mid line of the breast when the implant is inserted 
into the base of the wing bud. The spread never extends dorsally to or 
across the mid-dorsal line. There is nearly always less spread when Barred 
Rock is host. 

After hatching, the donor-colored down feathers of the graft area are 
gradually replaced by the juvenile plumage. The contour feathers of this 
plumage have the color or color pattern of the donor breed (Fig. 1). More- 
over, when skin ectoderm from the F; hybrid embryo is grafted to White 
Leghorn hosts, sex-linked differences in color pattern of the juvenile plu- 
mage are found. Irrespective of the sex of the host, skin ectoderm from 
male and female donor embryos‘ produces, respectively, barred and non- 
barred (solid black) contour feathers in the graft area. The male and 
female color patterns thus produced in the Leghorn resemble very closely 
the male and female patterns found in donor control chicks of the same 
age. 

In some chicks the entire feather is donor-colored, in others partly donor- 
and partly host-colored. In feathers of the latter type the distal portion 
of the vane is the color of the donor and the proximal portion host-colored. 
The transition between these two portions of the vane is more or less 
sharp. In general the proportion of these portions varies with the sequence 
in origin of the feathers, the amount of the donor-colored portion being 
greatest in primaries and secondaries that arise first, and least in those aris- 
ing later. The donor influence on color production which thus ceases 
before the emergence of the juvenile plumage is completed never reappears. 

On the other hand, the feathers of the juvenile plumage which replaces 
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the donor-colored down have the form, rate of growth and arrangement in 
tracts characteristic of feathers in corresponding positions of host controls 
(Fig. 1). Inno case do the feathers formed have any resemblance in shape 
or distribution to the feathers expected from the donor skin implant. The 
feathers of a graft area which covers the wing and adjacent parts of the 
breast, for instance, have the arrangement and form characteristic of pri- 
maries, secondaries, coverts and breast feathers, although the implant 
came from the head. 

The daily rate of growth in length of certain primaries and secondaries 
has been measured and found to follow exactly that of the host on the un- 
operated side (left) or of host control. For example, remiges (flight 
feathers) having the color pattern of the donor Barred Rock, which is a 
slow-feathering breed, are identical in length with those of the left (control) 
wing of White Leghorn host which is a fast-feathering breed. They 
greatly exceed the length of wing feathers of a normal barred control of 
the same age. Also, red wing feathers produced by the donor Rhode 
Island Red are slowed to the Barred Rock rate when the latter is host. 

The donor-colored juvenile plumage of the graft area is gradually re- 
placed with adult plumage which is usually host- and not donor-colored. 
The molting of the remiges takes place in a very regular order as Warren 
and Gordon® have described. The new adult remiges emerge in the same 
order in which the juvenile ones are dropped or plucked but with the color 
of the host. In certain exceptional cases some of the primaries or second- 
aries may be replaced with an adult feather which is a mosaic of donor- and 
host-colored areas of barbs. When sexual maturity is reached these 
molt and are replaced by host-colored feathers. Thus ultimately the 
donor-colored feathers are completely replaced with host-colored feathers. 

Implants of Limb Bud Mesoderm.—Recent experiments of Mr. Ray 
Watterson, working in this laboratory, show that implants of a small 
piece of limb bud mesoderm alone from a Barred Plymouth Rock embryo 
(92-99 hours) introduced into the wing bud of White Leghorn host embryos 
(72 hours) produce an area of donor-colored down feathers having the same 
distribution and spread as skin ectoderm grafts produce. Upon hatching, 
the black down feathers are replaced by juvenile contour feathers having 
the barring pattern of donor control chicks but with the shape, rate of 
growth and arrangement in tracts characteristic of host controls (Fig. 2). 
Also he has found that if the entire limb bud mesoderm is freed of overlying 
ectoderm and inserted beneath the ectoderm of the host just behind the 
wing bud, it produces a stump-like process covered with donor-colored 
down feathers. Wing bud mesoderm of the White Leghorn grafted to a 
Barred Plymouth Rock host likewise gives an extra wing stump but the 
feathers covering it are host-colored, i.e., black, rather than white like the 
donor. 
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Manner of Origin of Donor-Colored Feather Area.—lIt is apparent from 
the data that both donor and host play a réle in feather characterization 
within the graft area. Several lines of evidence indicate that structurally 
the feathers of this area are of host epidermal origin. (1) The spread of the 
effect to include the wing and adjacent feather tracts on the breast, back 
and thigh is too extensive to regard the implant of skin ectoderm as the 
entire source of the epidermal cells of the feather germs. (2) An histologi- 














FIGURE 2 


A 9-day old White Leghorn chick showing barred plumage on the right wing, 
produced by grafting limb-bud mesoderm from a Barred Plymouth Rock embryo 
into the wing bud of the host at 72 hours’ incubation (from Watterson). 


cal study of the skin ectoderm implant, made at successive intervals after 
implantation, shows that it does not replace the host epidermis of the de- 
veloping wing and adjacent regions but remains localized at the site of 
grafting. Its surface portion heals in, connecting with the surrounding 
host epidermis while the deeper portions (inserted into the mesoderm for 
anchoring purposes at the time of grafting) become disorganized and the 
cells intermingle with and become indistinguishable from the mesodermal 
cells of the wing bud. (3) Implanting Silkie bantam skin ectoderm to 
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Black Minorca or to Barred Plymouth Rock produces structurally normal 
contour feathers of the same shape, rate of growth and distribution as those 
of the host and not feathers with missing barbicels (a characteristic of Silkie 
feathers) as would be expected if the donor epidermis produced them. 
(4) Implants of limb-bud mesoderm alone can produce donor-colored 
feathers. In this case, the epidermis of the host feather germ is undoubt- 
edly concerned in the formation of the feather structure. 


On the basis of these findings, the interpretation is reached that the 
feather of the graft area is the product of the joint action of (a) host feather 
germs and (b) some influence originating from the implant. The feather 
structure is the product of host feather germs but in some way its color or 
color pattern is produced under the control of the implanted cells. Whether 
this control is mediated through the action of donor cells (chromatophores) 
which migrate into the epidermal “collar” of the host feather germ or of 
diffusible substances released from donor cells situated in the dermal 
papilla of the feather germ and the mechanisms involved remain for future 
elucidation. 


Control of Feather Color by White Leghorn Implants.—Implanting a piece 
of White Leghorn skin ectoderm (or mesoderm in some Barred Rock com- 
binations) produces a donor-colored feather area in Buff and Black Minorca 
hosts but not in hosts of the Barred Rock, R. I. Red or F, hybrid breeds. 
With respect to feather color production the pigmented breeds tested fall 
into two classes. In hosts of the Minorca breeds the donor feather color 
of the Leghorn is expressed, thus following the rule found to hold for all 
other donor-host combinations tested. In the Barred Rock-R. I. Red 
breeds, however, the host suppresses in some manner the White Leghorn 
control of feather coloration. This phenomenon is well brought out by 
transplanting a White Leghorn limb bud with intact ectoderm to hosts of 
these breeds.! This results in the formation of a normal limb except fora 
covering of black down feathers. From this it is apparent that although 
the feathers arise from donor feather germs, their black color is produced 
under the control of the host. Whether this is an activation of potential 
melanophores in the grafted limb by some influence from the host (cf. 
DuShane’) or the result of an invasion of host melanophores is not evident 
from the data. In any case, the controlling factors reside in the skin of the 
host and are not blood-borne substances. This is shown by the result that 
a portion of a limb bud of a White Leghorn embryo produces only white 
feathers in grafts made to the chorio-allantois of either Barred Rock or 
F, hybrid hosts. 


1 Willier, B. H., Rawles, Mary E., and Hadorn, E., Proc. Nat. Acad. Sct., 23, 542-546 
(1937). 
2 Willier, B. H., and Rawles,. Mary E., Anat. Rec., 70, Sup. 3, 81-82 (1938). 
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3 For the development of the feather germ the reader is referred to Lillie, F. R., and 
Juhn, Mary, Physiol. Zodl., 5, 124-184 (1932). 

4 After removing the skin ectoderm, the donor embryo is allowed to develop until the 
tenth day or later when its sex is ascertained. ; 

5 Warren, D. C., and Gordon, C. D., Jour. Agri. Res., 51, 459-470 (1935). 

6 For a similar effect produced by neural crést, see Dorris, Frances, Anat. Rec., 70, 
Sup. 3, 91 (1938). 

7 DuShane, G. P., Jour. Exptl. Zodl., 72, 1-31 (1935). 


CONCERNING THE ORIGIN OF THE POLYTENE CHROMOSOMES 
OF DIPTERA 


By KENNETH W. COOPER 
DEPARTMENTS OF ZOOLOGY, UNIVERSITY OF ROCHESTER AND COLUMBIA UNIVERSITY 


Communicated August 26, 1938 


In view of the unprecedented rapidity with which new findings on 
polytene! chromosomes are being published, it may not be amiss to draw 
attention to certain aspects which are not very often considered. Polytene 
chromosomes are known to occur in many larval tissues of Diptera other 
than those of the salivary gland. They have been recorded in the nuclei 
of the fat bodies, hypodermis, intestine, absorbing cells of the midgut, 
muscles, malpighian tubules, tracheal cells and sporadic cells in the brain 
(Balbiani 1881, Carnoy 1884, Dawydoff 1930, Heitz and Bauer 1933, 
Geitler 1933a, etc.).? 

The writer has found that Drosophila larvae, fixed in alcohol, sectioned 
and stained with Heidenhain’s haematoxylin, not only show unmistakable 
polytene chromosomes in the nuclei of the cells of the salivary glands and 
malpighian tubules, but frequently carry them also in the fat bodies, gut, 
hypodermis, some muscle fibers and oenocytes. Indeed, it appears that 
the large nuclei of those cells fated to histolyze during pupational reorgani- 
zation all contain polytene chromosomes.* Dawydoff (1930) has indicated 
that the occurrence of such polytene chromosomes is hardly to be ac- 
counted for by physiologic specialization associated with glandular ac- 
tivity, as Darlington (1937) and others have supposed. 

Origin of Polytene Chromosomes.—In general, all insect larval tissues 
destined to undergo histolysis during metamorphosis appear to grow by an 
increase in the size of their cells rather than by cell division (Trager). In 
the Culicidae (Bogojawlensky, Trager, Berger), Muscidae (Pérez), Dro- 
sophilidae (Frolowa 1937, Poulson) and probably all other flies, virtually all 
of larval growth is effected by an increase in the size of the cells concerned 
rather than by an increase in their number. Buck (1937), Geitler (1934a, 
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1937a, 1938) and Berger'* have cytologically examined nuclei of cells 
which undergo such growth. They demonstrated that in these cases 
(Diptera and Heteroptera) polyploid nuclei5 are resultant, and the im- 
portant point for the present purposes lies in the observed increase of 
chromosome materials during nuclear growth. 

It is of considerable interest, therefore, to note that Buck (1937) has 
found that polytene chromosomes of the salivary gland of Sciara undergo a 
regular increase in dimensions correlated with growth of the nuclei. Fur- 
thermore, the largest somatic nuclei in the present writer’s preparations 
have the largest polytene chromosomes, and the size of the contained 
chromosomes is proportional to the volume of the nucleus. The smallest 
tissue nuclei appear to be “resting” or energic * nuclei. That the polytene 
chromosomes are of different sizes among the nuclei of the tissues and that 
the largest polytene chromosomes occur in the largest nuclei was indeed 
noted by Balbiani (1881). Clearly, then, the polytene chromosome grows 
with the growth of its nucleus. 

Koltzoff (1934), Bridges (1935), Bauer (1935) and many others have sug- 
gested that the polytene chromosomes of Diptera arise by repeated doub- 
ling of chromonemata, forming “‘multivalent chromosomes.”’ Marshak'® 
has experimentally demonstrated such growth of the chromosomes by 
means of x-ray-produced deletions in the chromonemata bundle. Recent 
estimates of the number of strands composing the polytene chromosome of 
the salivary gland of late larval life all agree that the number is a large one 
(scil—Sciara, about 300, Buck 1937; Simulium, 64-128, Painter and 
Griffen 1937; Chironomus, 350-400, Bauer 1936; Drosophila, 256-512, 
Hertwig 1935), whereas Nebel and Ruttle (1937) have presented reasons 
for believing that the mitotic telophase chromosomes of animals, as well 
as of plants, contain but four chromonemata. As no more than four 
chromonemata need be supposed to exist in the telophase mitotic chromo- 
somes of Diptera, during larval growth there must be an enormous in- 
crease in the number of chromonemata in the chromosomes of polytene 
nuclei—an increase in chromosome materials. 

As these polytene chromosomes occur in the greatly enlarged nuclei of 
the most varied tissues, similar conditions probably obtain throughout 
much of the growing larva. It seems likely that, considering the pertinent 
data, both the growth of the cells and the chromonemata increases are in 
some manner related. Consequently it is suggested that the nuclei of the 
growing larva repeatedly prepare for unrealized prophasic condensation. 
These preparations involve chromonematal duplications whose number is 
not diminished by subsequent mitosis. Whatever the impediment to 
mitosis may be, this block at a particular nuclear stage apparently is the 
cause of both larval growth by increase of cell size rather than cell number, 
and, in part, the formation of the polytene chromosome. 
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Following the last mitotic division of organ differentiation in the fly larva, 
a chromosome may be expected to exist in the nucleus in a relic coil (Dar- 
lington 1935a) of a fairly large number of gyres (viz., 12-16 for the X of 
Drosophila melanogaster). The chromosome probably would possess, as 
the work of Nebel and Ruttle (1937) suggests, but four visible chromo- 
nemata. However, during growth to the third instar there is an increase 
of possibly more than 300 chromonemata. This increase in the number of 
chromonemata or chromosome materials would have a marked effect upon 
the helix or relic coil of the chromosome.*® 

As the thread number of the chromosome is repeatedly increased by 
duplications of the component chromonemata, and as these chromonemata 
remain tightly bound together, the girth of the chromosome must increase. 
But the chromosome is of helical (not spiral) structure. As the girth of 
the line of a tight helix of given height is increased, so the number of gyres 
must be reduced. Briefly, the increase in the number, or size, or both, 
of closely bound and precisely juxtaposed chromonemata of the chromo- 
some results in a force which will tend to uncoil the chromosome. 

To this uncoiling force must be added still another, probably of chief 
importance. That a chromosome undergoing transformation to the poly- 
tene condition must grow in length has been pointed out by Heitz (1935), 
Metz and Lawrence”! and Bridges.'® Buck (1937), Painter and Griffen 
(1937) and Frolowa (1937)" have, in fact, shown that such growth occurs 
in Sciara, Simulium and Drosophila, respectively. This is obvious, for 
the length of the lax polytene X-chromosome of Drosophila melanogaster is 
from 140-200 micra (Bridges, 1935), whereas the mitotic metaphase X- 
chromosome is little more than 2 micra in length. The latter length must 
be the height of the helix into which the chromonemata are coiled at mitotic 
metaphase. Thus it may be calculated that if the polytene chromosome 
length were equal to that of the uncoiled chromosome, the mitotic meta- 
phase chromosome would possess either (@) an enormous number of coils 
(as Muller, 1935, conceived) far exceeding (over 200) the conditions in 
any known organism, or (b) the chromonemata must undergo multiple or 
double coiling (also, Muller, 1935) for which there exists no evidence for 
animal mitotic chromosomes.”* Therefore it issuggested that the uncoiling 
or opening of the helix of the developing polytene chromosome is pro- 
duced by both increase in length and number of its component chromo- 
nemata. 

Buck (1937) and Bridges!* maintain that simple uncoiling of the ‘‘nor- 
mal’’ chromosome will account for only about one-eighth to one-tenth of 
the length of the lax polytene chromosome of the salivary gland. The 
growth in length appears to be accounted for chiefly by expansion of in- 
tergenic regions low in nucleic acid content. The heterochromatic regions 
of the normal chromosomes, on the other hand, apparently undergo little 
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if any longitudinal growth in the formation of the polytene chromosome. 
Whether this is due to the dense accumulation of nucleic acids in the 
heterochromatic regions is problematic. 

Pairing Forces of the Polytene Chromosomes.—The fact that polytene 
homologs are generally synapsed at the completion of their growth 
stages is possibly and even probably the result of at least two distinct 
phenomena, namely, the uncoiling of the chromosomes and the forces of 
somatic pairing.” Somatic pairing is held to be due to the mutual attrac- 
tions of homologous loci,’ and appears to be expressed to an extraordinary 
degree in the Diptera. Now chromosomes may be expected to synapse to 
the degree that homologous loci may be approximated to each other. In 
the closely coiled mitotic metaphase chromosome the number of approxi- 
mating loci would be at a minimum, and would little exceed the number of 
gyres of the metaphase helix. However, it may be expected that more 
and more homologous loci of a chromosome pair may be brought together 
by their mutual attractions as uncoiling proceeds. Thus, with uncoiling 
as complete as can occur within the confines of a nucleus, somatic pairing 
may reach its zenith and result in actual synapsis of the homologous chro- 
mosomes serially along their length® (compare Beasely!”). If this is true, 
the supposed relational coiling observed by Koller (1935) in the polytene 
chromosomes of the salivary gland is little more than the perpetuation of 
the residual twists in the uncoiling chromosomes at the time of their pairing. 

It has been observed that homologous polytene chromosomes do not 
always synapse (Bauer, 1936b), or fail to synapse regionally (Geitler, 
1934a). Darlington (1937), probably correctly, points out that failure of 
synapsis in some cases may be due to a delay in the approximation of 
homologs. In addition, Painter and Griffen (1937) have shown regional 
peculiarities in the polytene chromosomes of Simulium to be associated 
also with incomplete synapsis. 

Darlington’s Hypothesis of Pairing.—Darlington’s precocity hypothesis 
was brought forth in support of his belief that chromosome pairing and 
synapsis at meiosis is, in part, dependent upon the univalency of the 
synapsing chromosomes. However, Nebel and Ruttle (1937), and others 
have advanced reasons for the belief that leptotene chromosomes are split 
at the time of synapsis. Furthermore, the intimate synapsis of the poly- 
tene chromosomes—tultivalent in strand number—further stresses the 
fact that Darlington’s view is by no means an established one (also, 
Beasely!”). It has been shown by Geitler (1934a), Buck (1937) and Fro- 
lowa (1937) that each incipient polytene chromosome is composed of 
more than one strand at the onset of synapsis with its homologue, and 
Painter and Griffen (1937) lean to the same view. ‘There seems no evi- 
dence for Darlington’s contention that the chromonemata are associated 
closely in pairs in the polytene bundle (Painter and Griffen, 1937). Fur- 
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thermore, Painter (1934b) pointed out that, in the case of triploid Dro- 
sophila, three polytene chromosomes come together and synapse along 
their length in the same intimate fashion as do the polytene homologs of 
diploids. Lastly, Berger'* has presented evidence, adduced from his stud- 
ies of multiple chromosome complexes of Culicinae, which he believes fur- 
ther emphasizes the insecurity of Darlington’s hypothesis of pairing. 

Quite possibly the essential condition prerequisite to chromosome 
synapsis is a high degree of uncoiling of the homologs." Such a degree 
of uncoiling is apparently the common property of all first meiocytes in 
which synaptic phenomena occur, and presumably the unique property of 
the chromosomes of larval Diptera among nuclei of somatic generations 
(Geitler??). 

Darlington (especially 1932, 1937) has accumulated an overwhelming 
amount of data demonstrating that in meiosis the pairing chromosomes 
associate by twos. It has been abundantly demonstrated that in poly- 
ploids the two by two association in synapsis holds. Thus, in a trivalent, 
one thread synapses for a distance with a second but further along its 
length may synapse with the third homolog, and for no extensive region 
do the three threads undergo triple synapsis. Rather than conclude from 
such data that the associations of chromosomes are by pairs, and that 
pairing (synapsis) occurs because the leptotene threads are unsplit, it cer- 
tainly seems advisable not to lose sight of an alternative interpretation 
involving the organization of the chromosomes at meiosis. Inasmuch as 
polytene chromosomes undergo total synapsis in both diploid and triploid 
somatic cells despite the number of their component chromonemata, it 
seems not improbable that at meiosis, regardless of the number (possibly 
four) of the chromonemata of the leptotene threads, the synapsing chromo- 
somes are bilateral in organization, i.e., constructed in such a manner that 
each chromosome possesses but one, limited, pairing surface.** The poly- 
tene chromosome, on the other hand, may be considered radially symmetri- 
cal with respect to its synaptic surfaces. 

Concluding Remarks.—In the case of the multiple chromosome com- 
plexes of the Culicinae, most recently studied by Berger!* "4, it would seem 
that only the initial stages (viz., polyploidy) towards the formation of 
polytene chromosomes are undergone. As the chromosome threads do 
not undertake marked growth in length, it is not surprising that they give 
no evidence of achromatic banding. Furthermore, it appears not unlikely 
that the increase in strand number effects an uncoiling of the relic coils of 
the telophase chromosomes, and gives rise to a bundle of somatically paired, 
parallel, chromonemata. With onset of prophase, condensation of the 
chromonemata from the bundles of straightened chromosome threads 
would result in a bunched association of free homologs (i.e., multiple 
chromosome complexes) similar to those described by Berger. 














VoL. 24, 1938 ZOOLOGY: K. W. COOPER 457 


Bauer'! has recently shown that the nuclei of the nurse cells of Lucilia, 
Pollenia and Musca become polyploid concomitant with pronounced 
nuclear growth. Polyploidy of these nurse cells is expressed by the 
formation of an haploid. number of banded, polytene-like chromosomes. 
Bauer holds that these giant chromosomes later dissociate into many small 
chromosomes, apparently by condensation (helicization) of the chromo- 
nemata and consequent separation from the bundle. 


Apparently the multiple chromosome complex and Bauer’s nurse-cell 
chromosome represent two different stages in the evolution of the polytene 
chromosome. In the Culicinae the telophase chromosomes are uncoiled, 
but, in the absence of marked longitudinal growth, no polytene chromo- 
some is produced. In Bauer’s case the chromosomes similarly are un- 
coiled, but in addition they have also undergone marked longitudinal 
growth. Identity with the polytene chromosome is not attained by the 
nurse-cell chromosome for condensation of its component chromonemata 
sets in before full polytene differentiation has taken place. 


The question naturally occurs why polytene chromosomes do not arise 
elsewhere than in Diptera when nuclear growth occurs with chromosome 
multiplication but without concomitant mitotic activity. Carnoy (1884), 
it is true, has recorded or figured polytene-like chromosomes in certain 
nuclei of Coleoptera, Hymenoptera, Neuroptera, Odonata and the pedal 
ganglion of Arion, but his observations have failed to receive confirmation 
by recent workers. One factor that seems generally absent outside of the 
Diptera is the tendency towards somatic pairing (Geitler, 1938). Not only 
this, but it is suggested that the block to mitotic division in cases of the 
Gerris type (Geitler, 1937, 1938) may occur at a stage after prophasic coil- 
ing has set in. For example, the block may occur at premetaphase and 
the chromatids merely separate. Or, on the other hand, the same end 
would be attained by a block prior to prophase as in the case of the Culi- 
cinae. Thus the nucleus would remain intact as it internally ascends 
the scale of polyploidy, but would not give rise to polytene chromosomes. 


In conclusion I wish to extend my sincere thanks to Professor Franz 
Schrader, Mr. Arthur Steinberg and especially to Dr. John B. Buck, for 
much helpful advice and criticism. 


1 Darlington (1937) has employed this useful designation which is adopted in this 
paper. Koller (1935) coined the term, but stated that he did not propose to use it, pre- 
ferring ‘‘multiple threads.”” The expression ‘‘salivary chromosome”’ has little to com- 
mend it. 

2 Consult the bibliography of Geitler’s ‘‘Chromosomenbau,’”’ Protoplasma Mono- 
graphien, 14 (1938), for references given by date. 

8 Wigglesworth (Insect Physiology, 1934) cites Pérez‘ as authority that “even in the 
extreme case of Diptera, many larval organs (Malpighian tubes; certain muscle groups) 
are remodelled [during metamorphosis] without much change to form those of the adult.” 
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This suggests that polytene nuclei may be perpetuated into imaginal life in the cases of 
certain Diptera, viz., Calliphora; see also Bauer." 

4 Berger;!* Bogojawlensky, Zeit. Zellforsch., 22, 47 (1934); Pérez, Arch. Zool. Exp. 
Gén., 5 Sér., 4, 1 (1910); Poulson, Exp. Génétique, 3, 1 (1937); and Trager, Jour. Exp. 
Zoél., 76, 467 (1937). 

5 In that the haploid number of chromosomes or chromonemata bundles are potentially 
capable of giving rise to a polyploid number of chromosomes (as in Bauer’s!! case), the 
polytene nuclei are polyploid. 

6 The type of chromosome growth as must be conceived by Metz and his supporters 
will have the same general effects as here argued. 

7 Somatic pairing and somatic synapsis in part may be considered as different degrees 
of expression of the same phenomenon. Buck, Painter, Painter and Griffen, Dobjhansky 
and Tan, et alii, have drawn similar distinctions. 

8 Metz! seems among the first who have pointed this out. 

* These considerations lead one to suspect that in Diptera the degree of somatic 
pairing at metaphase may indeed be dependent upon the extent of effective uncoiling 
at the preceding prophase. Note especially the observations of Metz!® that somatic 
pairing at metaphase is in turn due to an intimate association in the prophase when 
chromosomes are drawn out into long threads. Intensity of somatic pairing, Metz” 
found, decreased from early prophase to metaphase. 

10 Nebel and Ruttle (1937) have suggested that extensive elongation of the first 
meiocyte prophase chromosomes is an important condition prerequisite to synapsis of 
homologs. Beasely!? holds that an increase in nuclear size and a lengthening of the 
duration of prophase are important factors in meiosis, as they allow complete uncoiling 
of the chromosomes. 

1! Bauer, H., Naturwiss., 26, 77 (1938). 

12 Beasely, J. O., Bot. Gaz., 99, 865 (1938). 

13 Berger, C. A., Carnegie Contr. Embr., 167, 211 (1938). 

14 Berger, C. A., Nature, 141, 834 (1938). 

 Berrill, N. J., and Huskins, C. L., Amer. Nat., 70, 257 (1936). 

16 Bridges, C. B., Jour. Hered., 29, 11 (1938). 

17 Frolowa, S. L., Nature, 141, 1014 (1938). 

18 Marshak, A., Amer. Nat., 70, 181 (1936). 

1 Metz, C. W., Jour. Exp. Zodl., 21, 213 (1916). 

2 Metz, C. W., Biol. Bull., 43, 369 (1922). 

21 Metz, C. W., and Lawrence, E. G., Quart. Rev. Biol., 12, 135 (1937). 

22 Geitler, L., Protoplasma Monographien, 14, 1 (1938). 

23 Geitler?? has similarly criticized Muller’s views. 

24 Limitation of the expression of synaptic forces of genes to a single surface at meio- 
sis might be due to an incomplete envelope of insulating or damping materials about 
the genes, 
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SOME EFFECTS OF LIGHT INTENSITY AND SHADE OF BACK- 
GROUND UPON THE MELANIN CONTENT OF GAMBUSIA! 


By F. B. SUMNER AND P. DOUDOROFF 
Scripps INSTITUTION OF OCEANOGRAPHY 


Communicated August 22, 1938 


During the past year, the authors have continued their studies of the in- 
fluence of optic stimuli upon pigmentation in fishes.2. Two experiments 
have been performed upon the “‘mosquito fish’ (Gambusia affinis). The 
first of these was designed to test the quantitative effects of backgrounds 
of various albedos upon the amount of melanin present in fishes which had 
been subjected to these for a considerable period. In the second series, the 
intensity of the incident light was the variable chiefly under consideration, 
though two different backgrounds were used with each degree of illumination. 

In the first of these experiments, 40 female individuals, averaging (at 
the close of the experiment) 0.52 gm. in weight, were placed in each of 15 
large glass bowls, half filled with fresh water. Care was taken that the 
average size of the fishes in these various lots was nearly equal. 

The bowls were painted on the outside in five different shades: black, 
white and three shades of gray. There were thus three bowls of each 
sort. Counting the albedo of the white bowls as unity, the three grays 
rated as 0.33, 0.19 and 0.12, respectively, that of the black being (theo- 
retically) 0.3 The bowls were kept in several nearly light-proof cabinets, 
each lighted overhead by a 100-watt electric lamp. The intensity of 
the light, as determined with a Weston ‘“‘Foot-Candle Meter,’’ was about 
30 foot-candles at the level of the platform supporting the bowls. The 
water temperatures in the various bowls averaged about 23°C., and did not 
differ significantly from one bowl to the other. The fishes were fed three 
times weekly, partly with Daphnia, partly with a prepared food. In order 
that these artificial backgrounds should be obscured as little as possible, 
no plants were placed in the bowls. Likewise the latter were kept as clean 
as possible. 

The fishes were exposed to these conditions for 69 to 71 days, when the 
survivors were killed for melanin determinations. 

In our second experiment, only two shades of paint were used upon the 
bowls: black and the “medium gray” of the first experiment. Four 
bowls (two painted each of these shades) were placed in each of four cabi- 
nets. These last were very differently illuminated, the lamps used being 
respectively of 200 watts, 40 watts, 10 watts and 7.5 watts capacity, the 
last being additionally dimmed by covering with a translucent globe of 
white glass. The intensities of illumination, at the level of the platform, 
were, roughly, 90, 10, 1.5 and 0.25 foot-candles, respectively. 
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Rather close uniformity of temperature among the cabinets (within 0.4° 
or 0.5°) was secured by immersing the bowls in running fresh water. 
Throughout the experiment, the temperatures ranged between 22° and 
23° (+). 

Thirty-two females were placed in .each bowl, again selected with ref- 
erence to uniformity of average size. They were subjected to these con- 
ditions for 62 to 63 days. The mean weight in the present series was 
0.74 gm. at the close of the experiment. 

A considerable number of fishes employed in each of these experiments 
succumbed to an apparently infectious disease, which will be discussed in 
another paper. The numbers were not, however, seriously reduced, and 
the survivors (at least those used for the melanin tests) appeared to be 
perfectly normal. 

At the ends of the periods stated, the fishes were killed and subjected to 
treatment, preparatory to the evaluation of their melanin. The steps in 
this treatment were largely those enumerated in our preceding paper.‘ 
There were, however, certain alterations or abridgments of our earlier 
procedure. (1) The fishes, after killing, were dried for two days at 100°, 
instead of being placed in alcohol; (2) digestion with pepsin was omitted; 
(3) the magnesium carbonate procedure was omitted, the colorimetric 
readings being made directly upon the final solutions in NaOH. These 
last two time-saving omissions were adopted after we had found that the 
use of pepsin was superfluous, and that, with the species here used, solu- 
tions clear enough for direct colorimetric measurements could be prepared. 

Despite laborious efforts, our hopes of obtaining quantitative results of 
satisfactory precision were not realized. Altogether unexplained dif- 
ferences of considerable magnitude appeared among samples of material 
which should have yielded identical melanin values. One reason for this 
was the fact, which we did not at first sufficiently realize, that even solu- 
tions of supposedly pure melanin are far from being stable in respect to 
color characters. They fade as a result of boiling or merely with the lapse 
of time. Later colorimetric readings of the same solution,® even when kept 
in the dark, invariably gave lower values than earlier ones. That this cir- 
cumstance affected both the ‘‘standards’”’ (melanin solutions of known con- 
centration)® and the samples to be tested goes without saying. 

Nevertheless, certain ‘qualitative’ (i.e., only roughly quantitative) 
results were obtained and these seem worth reporting briefly. Further 
studies are now under way with Lebistes, in which the counting of melano- 
phores will be substituted for the measurement of melanin. 

Considering these experiments in the order indicated, there were, as 
stated above, three bowls of each shade. Thus, there were three complete 
series of the fishes, and these were dealt with separately. The determina- 
tions were made by comparing each of the sample solutions in question 
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with a melanin solution of known concentration in a Duboscq colorimeter. 
The readings were interpreted with the aid of a curve, based upon dilutions 
of the “standard.” 

Figure 1 portrays the results obtained from this experiment. The com- 
plete curves, including that for the means, are based upon the first two of 
the series of fishes. Owing to a careless blunder in our procedure’ the read- 
ings for the “medium gray” and ‘‘dark gray”’ fishes of the third series are 
not available. 
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FIGURE 1 
Computed melanin content of fishes exposed for 2 months (+) to 
backgrounds of various albedos. Abscissas represent albedos; 
ordinates the melanin content, expressed in milligrams per 100 
grams of original weight of fishes. The ‘‘mean’’ curve is based upon 
the means for series 1 and 2. 


Despite the fortuitous character of some of the differences, the trend 
shown in these graphs agrees fairly well with that shown in figure 3 of our 
earlier paper. The disconcerting features are (1) the extremely low posi- 
tion of the ‘‘black” figure in series 3, and (2) the virtual identity (slight 
reversal) of the figures for medium gray and dark gray.’ It will be seen, 
however, that the difference between the albedos of these two backgrounds 
was small. 
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TABLE 1 
BLACK GRAY 
Bowl 1 Bow! 2 Bowl 1 Bowl 2 

0.25 Foot-candle = bei 84 88 
1.5 Foot-candle 94 84 77 86 
10.0 Foot-candle 91 102 85 84 
90.00 Foot-candle 98 93 75 88 

Means 93.7 83.4 


The results from experiment 2 are presented in table 1. As in the case 
of the graphs in figure 1, the figures represent milligrams of melanin per 
100 grams of the original weight of the fishes. In the present case, readings 
were taken with the Ives Tint-Photometer, the solutions being placed in 
absorption cells.° Each lot of the fishes comprised from 18 to 30 indi- 
viduals. Unfortunately the two lots of “‘black’’ fishes in cabinet 1 (0.25 
F. C.) were rendered unavailable by an accidental interchange of reagents 
at one step in the preparation. 

From the figures in the table, it will be seen that the average melanin 
content of the “‘black”’ fishes was about 12 per cent higher than that of the 
medium gray ones, and that the significance of this difference has a rather 
high probability. It is of interest, too, that no correlation is manifest be- 
tween the melanin content of the various lots of fishes and the intensity of 
the illumination to which they had been exposed. However, such a corre- 
lation, if low, might easily be concealed by the high variability of the in- 
dividual lots. 

This lack of any observable effect of large differences in illumination 
upon melanin content is not in full agreement with our previous observa- 
tions upon gobies (op. cit.) which seemed to indicate that the intensity of 
incident light exerted an effect, though a minor one, upon the amount of 
melanin present. 

The far higher apparent melanin content indicated by table 1 for the 
fishes of the second experiment, in comparison with that indicated by figure 1 
for those of the first experiment, depends, we believe, upon a difference in 
our procedure. The material derived from the former was not subjected 
to one step which was employed for the latter." 

Summary.—Despite technical difficulties which resulted in considerable 
fortuitous variation in the indicated melanin values, we have been able to 
reveal for Gambusia the general correlation, which we had previously found 
in Gillichthys, between the melanin content of the fishes and the albedo of 
the background to which they had been subjected for some weeks. On 
the other hand, the absolute intensity of. the incident light had little or no 
effect upon melanin content. 


1 Contributions from the Scripps Institution of Oceanography. New Series, No. 31. 
2 Cf. Proc. Nat. Acad, Sci., 23, 211-219 (1937). 














VoL. 24, 1938 ZOOLOGY: SUMNER AND DOUDOROFF 463 


3 Reflections from the glass and debris on the bottom, though the latter was removed 
rather frequently, raised the albedo slightly at most times. 

4 Op. cit. 

5 The solutions were ordinarily prepared in 0.2% NaOH. However, this instability 
persisted after great reduction in alkalinity. 

6 We employed melanin from the feathers of black Minorca fowls, kindly furnished 
us by Prof. R. A. Gortner. 

7 The boiling in NaOH was left overnight, instead of being continued for three hours. 
We know that a material amount of fading results from such treatment. 

8 The omitted values for series 3, which are strictly comparable with one another, 
show, however, a gradient in the expected direction. 

9 Sumner and Fox, Jour. Exptl. Zodl., 66, 263-301 (1933). 

0 That is, 0.9978. For method of computing this, see Tippett, ‘‘The Methods of Statis- 
tics,’”’ 1931, pp. 80-82. 

11 This consisted of two successive final washes with alcohol, followed by ether, a 
procedure which certainly carried off traces of some colored substance, whether or not 
this contained melanin. 


THE EFFECTS OF LIGHT AND DARK BACKGROUNDS UPON 
THE INCIDENCE OF A SEEMINGLY INFECTIOUS DISEASE IN 
FISHES 


By F. B. SUMNER AND P. DOUDOROFF 
Scripps INSTITUTION OF OCEANOGRAPHY 


Communicated August 22, 1938 


The facts here reported constitute a by-product of a research having 
quite other ends in view. In an immediately preceding paper we have dis- 
cussed the nature of this research and presented such results as bear upon 
the main object. 

The conditions imposed upon the fishes in each of these experiments did 
not appear to be altogether favorable to their health. Deaths occurred in 
nearly all of the bowls, the records of these being kept upon cards. Most 
of the fishes which died displayed similar symptoms, involving emaciation 
and lesions of the skin and fins, particularly of the tail. In advanced 
stages, the entire caudal fin and even portions of the fleshy part of the tail 
disintegrated. Unless subjected to salt-water treatment, the fishes usually 
died within a few days after the onset of the symptoms. This treatment 
was partially effective, and was doubtless responsible for the preservation 
of considerable numbers of those attacked. It consisted in immersing 
them in full-strength sea-water for an hour, then returning them to fresh 
water. The fishes in all of the fifteen bowls in the first experiment were thus 
treatedonce. Owing to the heavier incidence of the disease in the black 
bowls, these lots were subjected to two further treatments. 
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Throughout these experiments, the mode of handling the fishes was 
such that infection from any source was no more likely in the black bowls 
than in any of the others. 

Our colleague, Dr. C. E. ZoBell, has been good enough to subject some 
of these diseased fishes to bacteriological examination and culture study. 
He reports that various organisms were found, but that one in particular 
was of constant occurrence. This he characterizes as a non-sporulating 
bacillus, Gram-negative, non-pigmented, non-motile, measuring from 2.0 
to 3.8 uw in length, 0.6 to 0.8 uw in width, growing readily on nutrient fresh- 
water agar, but failing to grow on corresponding media prepared in sea 
water. Dr. ZoBell has further studies in progress, upon which he expects 
to report independently. 

It was early evident that deaths were far more frequent in the black 
bowls than in any of the others. The figures for each type of bowl, at the 
end of the first experiment, were as follows: 


TABLE 1 
OE Be eee eer 43 (36%) 
SEED Raa PO Lh Aba pina pitise Sa te eRe 11 (9%) 
NMED SEs aR. isco a ois Gis ss Aly OA 2 (1.7%) 
ACF io as cake AN oat oka sine eas saree 7 (6%) 
MR Reh ci eet mdi fan nt ttt wa cee aw oats 3 (2.5%) 


It is to be noted that nearly twice as many deaths occurred in the black 
bowls as in all the others combined. Of less certain significance is the 
fact that the number of deaths in the dark gray bowls is nearly equal to 
that in all the others, blacks excluded. In considering the preponderance 
of deaths among the ‘‘black”’ fishes, it must be recalled that these were 
subjected to the beneficial salt-water treatment more than any of the 
others. Had this not been the case, there would probably have been an 
even greater difference in morbidity between the ‘‘blacks” and the others. 

For the second experiment we present the record of deaths in detail 
for each bowl of each cabinet. This record of “deaths” includes a few 
fishes which were badly diseased and were removed while still living. 
The onset of the disease was gradual. Only one death is recorded for the 
first eight days, and only two for the first fourteen days. The salt-water 
treatment was administered twice for all the lots. 


TABLE 2 
BLACK GRAY 
BOWL 1 BOWL 2 BOWL 1 BOWL 2 TOTALS 
0.25 Foot-candles 11 4 3 2 20 
1.5 Foot-candles 8 11 5 4 28 
10 Foot-candles | 3 1 3 18 
90 Foot-candles 12 8 6 6 32 


Totals 68 30 98 
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In addition to the foregoing fishes, which were picked out dead or badly 
diseased, a considerable number of less diseased ones were rejected at the 
end of the experiment, when the fishes were killed for the melanin deter- 
minations. Of these, 14 specimens were from black bowls, 5 from gray 
ones. -Thus 82 of the “‘black”’ fishes in this second series (32 per cent) died 
or showed evident symptoms of the disease, while only 35 ‘‘gray’’ specimens 
(13.7 per cent) did so. 

From these two experiments, certain conclusions seem unavoidable. 

No calculation of probabilities is needed to establish the fact that sus- 
ceptibility to this disease was much higher among the fishes kept in black 
containers than among those kept in gray or white ones.? 

Again, from the first series (table 1) it seems likely that fishes in dark 
gray bowls were more susceptible than ones in paler grays or in white. 

An obvious suggestion will be that we have to do with some immediate 
effect of light or other radiant energy upon the parasitic organisms in the 
skin of the fishes. That no such conclusion is tenable is evident from 
several circumstances. In the first series, the incident light was identical 
for all, the only difference being in the light reflected from the walls of the 
bowls. In the second series, where the incident light varied widely, the 
mortality rate varied with the shade of the background, while light inten- 
sity played little or no part in the matter (table 2). 

Nor can it be supposed that disease resistance depended in some way 
upon the “general health” of the fishes, which, in turn, was influenced by 
the light conditions in the bowls. If growth rate be regarded as indicative 
of health, it may be mentioned that in both of our series the surviving fishes 
in the black bowls were actually slightly heavier than those in any of the 
others.’ 

It seems plain that the incidence of this disease was in some way influ- 
enced by the same factors which were responsible for bringing about the 
color changes of the fishes upon the various backgrounds. Whether these 
differences in morbidity resulted from the changes of pigmentation per se, 
or from physiological processes underlying these last, we cannot say. 
But we will venture one suggestion. 

It is now well known that a prolonged state of chromatophore ‘‘ex- 
pansion” (properly of pigment dispersion within the chromatophores) is 
accompanied by an increase in the number and the pigment content of 
these cells, while prolonging the “contraction” (aggregation) phase of the 
chromatophores results in an elimination of many of the latter. 

That these effects of optic stimuli, both the immediate and the more 
gradual ones, are due to the liberation of special hormones (‘‘neurohumors’’) 
at the nerve terminals has been contended with a considerable show of 
evidence by a number of recent investigators, notably, in this country, 
by Parker and various collaborators. While the present writers lack any 
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direct evidence in the matter, we will suggest a possible interpretation of 
our results. May it not be that the differences in susceptibility to this 
disease among our various lots of fishes were the direct result of these 
hormonal differences rather than that they were due to differences in the 
amount of pigment present? Such an effect seems more readily attribut- 
able to physiologically active substances such as hormones than to 
relatively inactive substances such as melanin or xanthophyll. 

We may imagine that the “‘expanding hormone,”’ if such exists, is favor- 
able to the infection of the skin by the specific organism involved, or that 
the ‘‘contracting hormone” may have a bactericidal effect in relation to the 
latter; or perhaps both of these suppositions may be true. However, 
without further evidence, any such suggestions are admittedly little more 
than guesses. We hope to conduct experiments along these lines in the 
future. 

Summary.—The incidence of this disease was very much higher among 
fishes kept in black bowls than in ones kept in white or gray ones. It 
was apparently somewhat higher in dark gray bowls than in pale gray or 
white ones. These facts cannot be explained as the result of any direct 
effect of light upon the parasitic organism presumed to be responsible for 
the disease. They probably result from the same agencies which bring 
about the dispersed or condensed condition of the melanin under the in- 
fluence of optic stimuli. It is suggested that diffusion hormones of the 
‘“‘neuro-humoral’’ type may be the agents involved. 

1 Contributions from The Scripps Institution of Oceanography. New Series, No. 32. 

2 Let us repeat that the paint was applied to the outside of the bowls. 

3 This is perhaps due to the fact, that, being less numerous, the former obtained 
somewhat more food apiece. The bowls received approximately equal rations without 
reference to numbers. 


THEORY OF TRANSVERSAL CURVES AND THE CONNECTIONS 
BETWEEN THE CALCULUS OF VARIATIONS AND THE THEORY 
OF PARTIAL DIFFERENTIAL EQUATIONS 


By M. HERZBERGER 
Kopak RESEARCH LABORATORIES, * ROCHESTER, N. Y. 


Communicated August 22, 1938 


I. JIntroduction—The theory of transversal curves endeavors to give 
the geometric equivalent to conceptions developed by Lagrange, Hamilton, 
Jacobi, Grassmann, Bruns and Poincaré with respect to partial differential 
equations, the calculus of variations and integral invariants. The calculus 
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of variations is taken, in the sense of its applications in physics, as the 
theory of the geometric qualities of manifolds of extremals, irrespective of 
whether they are maxima or minima. This investigation deserves a little 
interest from the physicist, since it shows the connections between the 
fundamental conceptions of his theories. 

Let us assume that to each line element in n-dimensional space a con- 
travariant vector, m‘, is given such that ‘ as a function of x, and x, can 
be considered as two times continuous differentiable at any regular point. 

Let us assume that we may order our line elements into a 2(m — 1) 
manifold of curves such that, for any reasonably selected two-dimensional 
manifold, the Lagrangean bracket remains constant along our curves, i.e., 


d d ™ 
re (én'dx, — 6xOn') = ds [50] = 0. (1) 


A 2(n — 1) manifold of curves for which (1) is fulfilled identically is called 
a manifold of transversal curves. 
Our defining equation allows the substitution 


at >. a, x, — n'. (2) 


This fundamental substitution is allowed in all our results (First Duality 
Principle). 

Let us designate differentiation along our curve by dotting the particular 
letter. Equation (1) is equivalent to 


Ontdx, + In'dx, — Ox,6n' = 0. (3) 


Equation (3) can be considered as an integrability condition for two func- 
tions a(x;, x,) and b(x,, n‘) (and their duals) with the following defining 
equations: 


Y Onen 
da = nix, + n'bx, = rs (n'6x;) (4) 
6b = ntix, — x,6n'. 


We call a and b generating functions of our transversal curves. Since 
they are determined except for a constant, we might standardize them by 
asking 

a — b= n'x,. (5) 


Each one of the two functions, provided it is not constant, is sufficient 
to determine our problem. For a given a(x; x,) we have 
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;_ 2a 
~ Ox, 
d [oa Oa 
or = ta ao @ 
it oa 
m Ox, 


Equations (6) are the Euler equations of the variation problem 6E = 0 
with 
E= fax, x;) ds. (7) 


They determine our transversal curves. 
If b(x,, n‘) is given, (4) shows that 


ob 


ae 


Ox; 
ob 


Ont a x4 (8) 


Equations (8) can be considered as the Lagrange-Charpit equations of 
the partial differential equation 


oz 
6(, 7 = — 


with (9) 
_ oz 


cn 
Ox; 


Equations (8) therefore determine our problem again. 


II. The Geometry of Transversal Curves.—If we have a k-manifold of 
transversal curves 2 < k < 2(n — 1) given by k parameters, u,...... Up, 
we get (5) differential invariants for every curve given by the Lagrange 
symbol, as follows 


[u,, ue] = —— —- — — . (10) 


The Lagrange bracket follows the equations 


[u,, Ug | = — [u,, Up] (11) 
[u,, u,] = 0. 


The bivector with the ({) components [u,, u,],<, (Grassmann) can be 
taken as characterizing our manifold. If it is zero, we call the manifold 
a normal manifold. It is zero for instance when our manifold consists of 
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curves originating from a point. Integration of (11) gives the integral 
invariant of our manifold: 


d 
ge ff Pesmelduau, = 0. (12) 


If we intersect our manifold by two surfaces, we can integrate (1) and 
find that 


[Ute |r = [UUs |e. (13) 
Equation (13) permits, besides substitution given in (2), the substitution 
Ny My = Hy —}. (14) 


This combined with (2) has been called the tetrality principle by the au- 
thor, and has been widely applied in optics. 

If integration of (13) is possible, it leads to Hamilton’s characteristic 
functions. Application of (13) to the manifold of all transversal curves 
and two intersecting surfaces, such that through any one point of the first 
and any one point of the second surface goes one, and only one, transversal 
curve, leads to Bruns’ “‘eiconal” functions, a special case of Hamilton’s 
characteristic functions. Bruns’ “‘eiconal’’ depends only on the 2(m — 1) 
coérdinates of the intersection points. 

We can coérdinate to our problem a problem in the 2(m — 1) space, 
whose points are the combined codrdinates of our two intersection points, 
whereas a contravariant normal vector can be defined by 


N‘ = (mj, —n}). (15) 


The general problem of our transversal curves becomes therefore the in- . 
vestigation of normal systems in the 2(m — 1) space. 

III. Partial Differential Equations and the Calculus of Variation 
in Homogeneous Form.—We now investigate the special cases where one 
of our ‘‘generating functions’ degenerates. 

(a) If n‘éx, + n‘dx, = 0, we can assume that there exists a function 


a(x, x,) = 0. (16) 


At every point there exists a surface given by (16). 
We obtain from (5) and (8) 


0b 
b(x, n‘) = —n'x, = oni n', (17) 
in which 0 is a first-order homogeneous function of n'. That means that 
n‘ is determined by our problem only for an arbitrary multiplicative scalar 
function of x, Only its direction, not its absolute value, has a geometrical 
meaning. 
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From (4) we derive 


= ‘6x;) = 0 
ds (n‘éx;) = 0. 


d 
—b=0. (18) 
ds 
That means we have a contact transformation in the sense of Lie, and } 
is constant along our curves. 

We can consider our curve as the characteristic of the homogeneous par- 


tial differential problem: 
Oo 
b (i > =): 


%a) 
: dx, = n'dx, = 0, (19) 


= Ox, 


where v‘ is a vector normal to the solution surfaces. 
(b) If ntéx,; — x,6n' = 0, then at each point we have a surface 


b(n‘, x,) = 0. (20) 


This surface is called in optics the indicatrix. 
We find that 


a= nx, = =X (21) 
That means a is a function homogeneous in the first order in x;, i.e., the 
problem does not depend on the curve parameter, s. We have 


E= fe ds = if was = ff wae. (22) 


The variation problem given by 5E = 0 leads to our transversal curves 
as extremals. 

IV. General Variation Problem and General Problem of Partial Differen- 
tial Equations.—(a) If we have given a partial differential equation 


a(x, 2,22) =< oa 
” ’ Ox; ’ ad 
we define the vectors 
Of 
ie 2 
OB _- OB 
Y,= Gi a (24) 
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Let us introduce Z, as a new variable and look, not for a function 


OZ 


A(X) = 0 wih P= SX (25) 
‘ i 
but for a function 
i ae eee 
° =— a eae — ss , 9 
o(X;, Z) = 0 with aX, m,s7 = 0. (26) 


We can then obtain from (23) an equation with one more variable: 


OZ n' 
b(x, 2) = n(x, = %,Z2 = X41 a = ~ pri) =0. (27) 
7 





If we investigate specially the solutions for n’t' = 0, the solution of 


the problem stated in (27) is identical with the solution of the problem in 
(23). Equation (27) is homogeneous in the first order in m‘ and therefore 
identical with the problem dealt with in III (a). Differentiation of (27) 
and comparison with (8) gives 


Dat Ha wn(o, =) 


dx, oZ (28) 
Ob 
ont =— (— ¥, A), 
where 
A=B— JY,P.. (29) 
We have further 
X, = (X, Z) 
nt = n’t}(— Pi, 1), (30) 


It is interesting to note that in going from the homogeneous problem 
to the inhomogeneous problem, it is always possible to eliminate n’*?. 
(b) If we have given the general variation principle 


E= 4 A(X, t, a Nar, (31) 
dT 


we introduce the vectors 


— 
Gi i coe 
OX, (32) 
OA dX, 
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Let us now introduce 
X, = x,(s) 
T= x, +41(S). (33) 


We then obtain 


x, \. 
E= fe (« ; fev EJs = fave x,)ds (34) 
Xy +1 


where a is homogeneous in the first order of x;. 
We find that 
nt = ~ = (M, B) (35) 
with 
B=A — NX; (36) 
V. The General System of Transversal Curves.—If a € 0, b # 0, we have 
a variation principle, as well as a partial differential equation, determining 
our curves. We have in both cases in intermediate state between (III) 
and (IV). The variation problem does not depend on T. It is conserva- 
tive and the partial differential equation does not depend on the dependent 
variable, Z. In both cases we are able to interpret our problem in the n- 
dimensional space. 
However, our 7‘ no longer determines a contact transformation but only 
a canonical transformation, and our vector n‘ is not orthogonal to the 
solution surfaces of the partial differential equation. We can write 


Oo 
6( se a = 0 


with (37) 
o(x;) = 2, dz = n‘dx, 


and obtain, besides equation (8), the equation 


z= ff wae, = fe ds. (38) 


This general transformation was used by Jacobi to transfer Hamilton’s 
methods from the calculus of variations to the theory of partial differential 
equations. 

VI. Conclusions.—It might be of interest to the physicist to note that 
the following problems are mathematically equivalent: 

(1) The existence of an “energy integral,” that is, a function b(x,, '), 
which remains unchanged along our curves. 

(2) The existence of a conservative variation principle. 
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(3) The existence of a differential (integral) invariant, the ‘‘flux.”’ 

(4) The wave notion, that all curves emerging from a point have ac- 
companying wave surfaces, such that the vector ‘ is orthogonal to the 
surfaces at every intersection point. 

In physical terms (1) is the most plausible assumption. The fact 
proved here might explain why the variation principle plays such a réle in 
modern and classical physics. 
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THE RELATIVE NUMBERS OF THE SUBGROUPS AND 
OPERATORS OF CERTAIN GROUPS 


By G. A. MILLER 
DEPARTMENT OF MATHEMATICS, UNIVERSITY OF ILLINOIS 


Communicated August 19, 1938 


Various groups contain more subgroups than operators while others 
contain more operators than subgroups. The group of lowest order which 
contains at least ten times as many subgroups as operators is the abelian 
group of order 32 and of type 1°, and the group of lowest order which con- 
tains at least ten times as many operators as subgroups has for its order 
the number obtained by reversing the digits of the order of the preceding 
group, if we include among the subgroups of a group the identity and the 
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group itself, as will be done in the present article. It is easy to see that 
there is no upper limit to the possible ratio of the number of the subgroups 
to the number of the operators of a given group since the number of 
the subgroups of order 4 in the abelian group of order 2” and of 
type 1” is (2” — 1) (2" — 2)/6,m > 1. Similarly, there is no upper limit 
to the possible ratio of the number of the operators of a given group to 
the number of its subgroups since the group of order p, p being a prime 
number, has only two subgroups. 

Since the order of every subgroup is a divisor of the order of the group 
the number of the subgroups of a group of a given finite order is necessarily 
finite and cannot exceed the sum of the numbers of the combinations of 
its operators in sets equal to the divisors of its order. The simple group 
of smallest composite order has one more operator than subgroups since 
the number of the latter is 59. On the contrary, the simple group which has 
next to the smallest such order has slightly more subgroups than operators 
since it has 21 subgroups of order 2, 28 of order 3, 35 of order 4, 28 of order 
6, 8 of order 7, 21 of order 8, 14 of order 12, 8 of order 21, 14 of order 24, 
besides the identity and the group itself, making a total of 179 subgroups, 
which is 11 more than the number of its operators. Little has been done 
toward the development of methods for determining the number of the 
subgroups of a given group. 

In the case of Sylow subgroups it is comparatively easy to determine the 
number of the subgroups in view of the fact that all of these subgroups of 
the same order are conjugate under the group. The number of the Sylow 
subgroups of a given order in a group is obviously equal to the number of 
the subgroups of the group which are separately composed of all the 
operators of the group which transform such a Sylow subgroup into itself. 
This explains why in the simple group of order 168 there are as many sub- 
groups of order 21 as there are subgroups of order 7, and as many sub- 
groups of order 6 as there are subgroups of order 3. It may be noted that 
when this particular group is represented as an intransitive group of degree 
15 it contains no substitution of this degree in view of the fact that its sub- 
groups of orders 21 and 24 involve at least one substitution from each of its 
sets of conjugate substitutions of every order contained in the group. 

When G is the cyclic group of order pf", po", ...., pi", Pry px ...-, D 
being distinct prime numbers, then the number of the subgroups of G is 
(m, + 1) (m2 + 1), ..., (m, + 1), since it is equal to the number of the 
positive integral divisors of the order of G. When G is dihedral and of 
the given order one of the given prime numbers, say fy, is 2 and the number 
of the subgroups of G can then be determined by observing that G then 
contains a cyclic subgroup of order pj'—', py", ..., py’ and each of its 
subgroups which is not contained therein has exacly half of its operators 
therein. The number of the latter subgroups which involve a particular 
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subgroup of this cyclic subgroup is equal to the index of this subgroup un- 
der this cyclic subgroup. In particular, when / = 1 the number of the sub- 
groups contained in G is m, + 2”-'+2™—-2... +1=m,+2™ —1as 
has been noted before. 

To determine the number of subgroups of G when/ > 1 it may be observed 
that G could be constructed by dimidiating the dihedral groups of orders 
2”, 2ps’, ... , 2p" with respect to their separate cyclic subgroups. The 
number of the subgroups in the direct product of these cyclic subgroups is 
m(m, + 1)... (ml + 1), 1 > 1, according to the preceding paragraph. 
The number of the subgroups in the dihedral group of order 2p", a > 1 
ism, +1+ pret pret +... +1 =m, +1 + (pret! — 1)/(p, —1). 
As the number of these subgroups which do not appear in the given cyclic 
subgroup is the product of the numbers of the subgroups in these dihedral 
groups which do not appear in their respective cyclic subgroups the total 
number of subgroups in the given dihedral group is given by the following 
formula: 


mm, + 1)... (m+ 1) + (2 — 1) p+ — 1) — 1) 
... (pm — 1)/(h — 1). 


Hence some dihedral groups contain more subgroups than operators 
while with respect to others the reverse is true. In particular, the number 
of the operators in the dihedral group of order 2p”, p being an odd prime 
number, exceeds the number of subgroups in this group except when the 
group is of order 6. In this special case these two numbers are equal to 
each other. 

When G is the dicyclic group of order 2” then m > 1 and the number of 
its subgroups is m + 2™”2 + 27-3 +...+1=m-+2" !'—1. Hence 
the number of the operators of such a group always exceeds the number of 
its subgroups. When G is the dicyclic group of order 4p”, p being an odd 
prime number, it contains 2m + 2+ p”™+ p”™-1+...+1=2m+2+ 
(p™*+! — 1)/p — 1) subgroups. Hence when G is the dicylic group of order 
pr py, ..., BY, Pry po, ... , Hh being distinct prime numbers and p,= 2, 
m, 2 2, the number of the subgroups of G is 


m(m2 + 1)... (m+ 1),1 > 1, + (2™-! — 1) (pe? — 1)/(f — 1) 
er ~~ I > 1): 


In the abelian group of order p” and of type 1”, m being fixed, the 
number of the subgroups exceeds the number of the operators for various 
values of m when p does not exceed some given number but the value of 
p can always be increased so that the number of the operators exceeds the 
number of the subgroups, since the exponent of p in the expressions which 
give the numbers of the subgroups is lower in the denominators than in 
the numerators of the fractions which appear in these expressions. 
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Since the number of the subgroups of an abelian group whose order is 
not a power of a prime number is equal to the product of the numbers of 
its subgroups contained in its Sylow subgroups it results from the preced- 
ing paragraph that in every abelian group of a given type it is possible to 
select a prime factor of its order so large that the number of operators in 
the abelian group exceeds the number of its subgroups. It therefore re- 
sults that in an abelian group it is not possible to say that the number of 
the subgroups exceeds the number of the operators from the fact that the 
type alone is given. On the other hand it is sometimes possible to say that 
the number of the operators is at least equal to the number of the sub- 
groups of a given group from the type alone. In particular, when the 
group is cylic it contains at least as many operators as subgroups. When 
the group is abelian and of type 1,1,1 the number of the subgroups exceeds 
the number of the operators when ~ < 5, but when p > 3 the number of 
the operators exceeds the number of the subgroups. 

To determine the number of the subgroups of a prime power abelian 
group it should be noted that a necessary and sufficient condition that an 
abelian group of order p” and of type m1, me, ..., m, contains a subgroup 
of a given type m,’, m2’, ..., m,’ is that the m’s can be associated with 
m'’s so that each m is at least as large as the corresponding m’. The num- 
ber of different types of subgroups can therefore be determined by first 
noting the different types of possible subgroups and then determining the 
number of the subgroups of each of these types. The number of the different 
types of subgroups of any abelian group is the product of the number of 
different types of subgroups in its Sylow subgroups. 

To determine the former of these numbers we may assume that the m’s 
are so arranged that each of them is at least as large as any one of those 
which follow it. Then we may take all of these m’s except the last and re- 


place the last successively by m,m, — 1, ..., 0. We then take all the 
m’s except the last two and replace m,_,; by m,—-,; — 1 and if m, does not ex- 
ceed m;_,; — 1 wereplaceit by m, m, —1,...,0. Ifm,exceedsm,_, — 1 we 
replace it by m, — 1, m, — 2, ...,0. Wethenstart with m,_, — 1 and pro- 


ceed as before, observing that no number is followed by a larger number. 
In particular, when G is of type 7, m2, the number of the possible types of 
subgroups is (m, — m2 + 1) (m2 +1) +m +m—-1+...4+1. 

It should be observed that the number of the possible types of sub- 
groups is independent of the value of the prime number p but the number 
of the possible subgroups generally depends upon this prime number. A 
necessary and sufficient condition that the number of the types of sub- 
groups of an abelian group is equal to its total number of subgroups is that 
the group is cyclic. 
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ON INTERPOLATION AND APPROXIMATION BY FUNCTIONS 
ANALYTIC AND BOUNDED IN A GIVEN REGION 


By J. L. WALSH 
DEPARTMENT OF MATHEMATICS, HARVARD UNIVERSITY 


Communicated August 20, 1938 


The general problem of interpolation and approximation to an arbitrary 
given analytic function by means of polynomials or more general rational 
functions, is an important one on which the existing literature is large, in- 
cluding a recent book by the present writer.! Analogous to this problem is 
the new but related problem of interpolation and approximation to an 
arbitrary given analytic function by means of functions required to be 
analytic and to have a given bound in a given region. The new problem 
is perhaps more difficult than the old, but nevertheless some of the tech- 
nique that has already been developed for the former problem applies with 
relatively minor modification to the study of the new problem. It is the 
object of the present note to indicate briefly some of these modifications 
and their consequences. The present note represents, however, only the 
beginnings of the study of the new problem, and many open questions are 
left untouched. 

I.—ProsieM I. Let the closed point set S lie interior to the region R, and 
let the function f(z) be analytic on S but let f(z) (considered together with 
its possible analytic extensions) not be analytic throughout the interior of R. 
Given M > 0, to study the function or all functions F,,(z) analytic and of 
modulus not greater than M in R, such that the quantity 


my = max [| f(z) — fu(2)|, 2 on S] (1) 


is a minimum; thus fy(z) ts a function of best approximation to f(z) on S; 
and to study the behavior of my and fy (2) as M becomes infinite. 

There must exist at least one function f(z) for which my as defined by 
(1) isa minimum. For let M > 0 be given, let my denote the greatest 
lower bound of all the quantities 


max || f(z) — fu(2)|; 2 on S], 


where fy4(z) is analytic and of modulus not greater than M in R, and let us 


: (k 
suppose lim,_,.. mj? = my, 


mS? = max [| f(z) —f%2(2)|, z on S], (2) 


where f{(z) is analytic and of modulus not greater than Min R. The 


functions f}7(z) form a normal family in R, and some subsequence f{¥ (z) 


(new notation), converges uniformly in every closed subregion of R to some 
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limit function fy7(z) which is analytic and of modulus not greater than 
Min R. But we have for z on S$ 


max | f(z) — fir (z)| S max | f(z) — fs7(2)| 
+ max |fi7'(2) — f37(2)| 


< my? + max | fi?’ (2) — far 2), 


0) 


which approaches my as k becomes infinite. Thus ay (z) satisfies the re- 
quirements of minimizing (1). 

The question of the uniqueness of the minimizing function f,(z) is still 
open. 

Under the conditions laid down, if S has a limit point interior to R, we 
must have my > 0, for f(z) and f(z) could not coincide on S without coin- 
ciding throughout R. Under these conditions the number my obviously 
decreases monotonically or remains unchanged as M increases. 

Our fundamental theorem in connection with Problem I is 

THEOREM 1. Let R be a region with boundary B consisting of a finite 
number of components none of which is a single point. Let S be a closed set 
interior to R, with boundary C consisting of a finite number of components 
none of which is a single point, and let R — S be a connected set. Let U(x, y) 
denote the function which is harmonic in R — S, continuous in the correspond- 
ing closed region, which has the value zero on B and unity on C. Let C, 
denote generically the locus U(x, y) = p,0 < p< 1 interior toR — S. Let 
R,, 0 < p < 1, denote generically the point set composed of S plus the points 
of R — Sat which we have p< U(x, y) < 1; then R, consists of a finite num- 
ber of subregions of R bounded by the entire locus C,. 

Let the function f(z) be analytic on S, but let there exist no function analytic 
throughout the interior of R which coincides with f(z) on S. Then for the 
functions fy(z) of best approximation defined in the formal statement of 
Problem I we have 


fin Sule) = F (2) (3) 


uniformly on S. 

Indeed, if f(z) 1s analytic throughout R,, 0 < p < 1, but does not coincide 
with any function analytic throughout a set Ry, 0 < p’ < p, then (3) is valid 
throughout R,, uniformly on any closed set interior to R,, and we have 


1/log M (p—a)/p 


tim (max |f(2) — fu(e)|, in RM” = e 


M—>o 


where « > p is arbitrary, and where R, = R, + C,. 


The set S need not be connected, and if S is not connected the monogenic 
function f(z) defined on one component of S need have no relation what- 
ever to the function f(z) defined on the other components. But f(z) is 
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analytic on S, hence can be extended analytically so as to be analytic 
throughout some point set R,. We denote by p the smallest of all numbers 
o such that f(z) can be extended analytically from S so as to be single- 
valued and analytic throughout the point set R,; the smallest o, namely 
p, must exist (cf. op. cit. p, 58). Either a singularity of f(z) lies on C,; 
or C, has at least one multiple point A at which the various analytic ex- 
tensions of f(z) from different components of S along paths in R, do not 
coincide (in the sense that the various functions fail to be identical through- 
out a neighborhood of A); or both of these eventualities occur. 

It is no loss of generality to assume, as we shall do, that R is finite and 
bounded by a finite number of analytic Jordan curves. For if the com- 
ponents of the complement of R are denoted by Bi, Bs, ... , Bj, we may 
map successively on the interior of a circle the complement of B,, the com- 
plement of the transform of B., the complement of the last transform of B; 
andsoon. Then R is mapped onto a finite region bounded by a finite number 
of analytic Jordan curves. It is to be noticed that the entire content of 
Theorem 1 is invariant under an arbitrary one-to-one conformal map. 

The function U(x, y), harmonic and of constant value zero on the / 
analytic Jordan curves comprising B, can be extended harmonically across 
B. Let us choose n > 0 so small that the locus B’ : U(x, y) = —7 consists 
of / analytic Jordan curves exterior to R in the respective neighborhoods of 
the / curves comprising B. Choose 7 also sosmall that the locus C,_, 
(henceforth denoted by C’) has no multiple points. Denote by,S’ the closed 
set Ri_, + C\_,. Denote by R’ the point set S plus the points at which we 
have —7 < U(x, y) <1, so that R’ is bounded by B’ and has R + Basa 
closed subregion. Introduce the notation 

U'(x, y) = U(x, y) + 1, (4) 
so that U’(x, y) is zero and unity on B’ and C’, respectively, and is harmonic 
in the closed region whose interior points are R’ — S’, bounded by B’ and 
C’. Let C, denote generically the locus U’(x, y)= p, 0 < p < 1, interior 
to R’ — S’, let Ri denote the set S’ plus the points of R’ — S’ at which we 
have p < U’(x, y) < 1, and let R, = R, ok c. 

We shall make essential use of the interpolation series of rational func- 
tions introduced by the writer? (op. cit., § 8.7) whose poles a, (depending 
only on ”) are uniformly distributed on B’ with respect to the parameter 
—V’, and whose points of interpolation 8, are uniformly distributed on 
C’ with respect to the parameter +V’, where V’ is a function conjugate 
to U’ in the region R’ — S’. An arbitrary function f(z) analytic through- 
out Ri, 0< »v< 1, but not analytic throughout any R.,, 0< v’ < », can 
be expanded in a series of interpolation of the form 


si z— fi ,  (&— Ble — &) 
fle) = a + a =—* 





-» (5) 


ay (g—a)(@—a2) 
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where we have the relations’ 











tin [ESB EON” oe [= 9] 
ee (7) 

and foru~>v 
Jim | max If(2) — 1,(2)}, son x" = etme /r (8) 


where 7,,(z) is the sum of the first + 1 terms of the right-hand member of 
(5), and where 7 is a positive number defined by the equation + = 
— JS py dV’. Then r is independent of 7. 

We are now in a position to establish Theorem 1, identifying the given 
f(z) with f(z) in (5). In particular we have from (4) the equation » = 
p+. In equation (8) the left-hand member is not increased if we re- 


place R, by C’, and then we may allow yu to approach unity: 


lim [max] f(z) — 7,(2)|, son C’}¥" < e~2*-e-™/*_ ——(g 
By equations (6) and (7) we have (0 < \< 7) 
lim [max|r,(z)|, zon C.J” < e72™9-0-/*, (10) 


Let « > 0 be arbitrary. A consequence of (9) is for z on S 
If(@) — r.(2)| S Mie P8989”, (11) 
where M, is suitably chosen, and a consequence of (10) is for z on 
B [U'(x, y) = non B] 
\r,,(z) | < ie a Ae (12) 
where M, is suitably chosen. 
When MM is given greater than or equal to the right-hand member of 
(12), for m = 1, 2, ... , we have actually exhibited a function r,(z) ana- 
lytic and of modulus not greater than M in R such that inequality (11) is 


satisfied on S. Surely the function of best approximation f,(z) approxi- 
mates to f(z) on S as well as does the function 1,(z): 


[f(2) — fu(z)| S Mye~?**2-0-1-9/*, (13) 


By virtue of (11) and (13) we may write for z on S 
Ir,(z) — fur(z)| S 2Mye~2*"9-9-1-9”, (14) 
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The number M > 0 is now supposed given, and becomes infinite. We 
choose the largest integer so that the right-hand member of (12) is less 


than or equal to M. By the relation |f(z)| S M in Rand by (12) we have 
for zon B : 


Ir,(2) — frr(z)| S 2Mge~ 2" FV 0-9/7, (15) 


To be sure, f(z) is conceivably not originally defined on B itself, but (15) 
is true in the sense of (Fatou) limiting values as z approaches B. 

In the region R — S we have the harmonic function U(x, y) and have 
two inequalities (14) and (15) for the function r,(z) — f(z) on two loci 
U(x, y) = const. By an extension of Hadamard’s Three-Circle Theorem, 
a consequence of the Zweikonstantensatz,* we have from (14) and (15) 
for z on C, 


Ira(s) — furls)| & [2Mye "8-9-8 9P 
a ig POT eres. (16) 
lim [max|r,(2) — fur(z)|, sin R,J/* < e~**e-- 9-8/7, (17) 
When o > p is given, 0 < o < 1, it is possible to choose € and 7 so small 
that the exponent in the right-hand member of (17) is negative. By equa- 


tion (8) it now follows that the set of functions f(z) converges to f(z) 
uniformly on R,, ¢ > p. Indeed, from (8) and (17) we have 


lim [max| f(z) — fu(z)|, gin R,]/" < e7**°-"-9-9/", (1) 


Manipulation of inequality (18), by virtue of 
M < Myon 22" t(- 0-8/7 
and by virtue of the arbitrariness of ¢ and 7, yields 
jim [max|f(2) — fu (2)|, gin RJM! < e-%/*, (19) 
We now proceed to show that the inequality sign in (19) leads to a con- 
tradiction. Suppose for some o > p and for some e > 0 the inequality 
[max| f(z) — fu ()|, 2 in R,}7%*™ < eo-9- 9 (20) 
holds for all M sufficiently large. Choose 
M = e"/"| 4 = 1, 2,3,..., (21) 


and use the notation F,(z) = f(z), where M and » are related by (21). 
As in the proof of (16) [i.e., by the results of Nevanlinna] we have for z 
on C,,¢o >y>0, 
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we (z) a F,(z)| < [apr there —ote/s . taal iia 


This right-hand member is, except for a factor independent of n, 


2an(po—ov—e)/ar 
é , 


which approaches zero with 1/n provided merely v > pa/(o + €), a number 
less than p. That is to say, inequality (20) implies the uniform convergence 
of the sequence F,(z) on every closed set interior to R,4j(¢4.; the 
limit of the sequence F,(z) is f(z) on S, hence is an analtyic extension of 
f(z) single-valued and analytic throughout the interior of R,,/(.4,.), contrary 
to hypothesis. Theorem | is established. 

We may obviously write 


my = [max|f(z) — fy(z)|, zon S|] S [max] f(z) — fy(z)|, 2 in R,], 
whence from (19) 


lim [max] f(z) — fy(z)|, gon ST” < e&-¥/, 
M—o 
The impossibility of the inequality sign here follows precisely as did the 
impossibility of (20), so we have the 
CorRoLLary. Under the conditions of Theorem 1 we have also 


lim [max| f(z) _ ful2)|, zon Sy} M = e?~D/e, 


M—>o 


The additional result (¢ < p) 


lim [max|f,,(z)|, Zin R, "8 M — e'?—9)/P 
M—> o 
may be established with the sign = replaced by S from the definition of 
M and from the boundedness of f(z) on C,, u > p, by the method 
of proof of (16). Impossibility of the sign < follows as in the treatment of 
(19). By a similar method we obtain also 


lim [max|f,,(z)|, zin R, 1°“ =1. 
M-—> 

A limiting case of Problem I with for instance R the entire (finite) plane, 
S closed and limited, but consisting of an infinite number of points, and 
f(z) analytic at every point of S but not at every point of R, is found by 
taking as norm of the approximating function f,(z) not a bound on the 
modulus of f,(z) but the number a, greatest lower bound of all numbers 
B for which 


tim Sa(2) = 0. 


2—> © °' 
2 
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There are only a countable set of functions f,(z) of best approximation, 
namely, the set of polynomials of best approximation to f(z) on S. The 
analog of Theorem 1 is valid under suitable restrictions on S (op. cit., 
§5.1). 

II.—Pros_eoM II. Let the closed point set S lie interior to the region R, 
and let the function f(z) be analytic on S but let f(z) (considered together with 
its possible analytic extensions) not be analytic throughout the interior of 
R. Given m > 0, to study the function (or all functions) f,,(2) analytic in 
R such that 


f(z) — fn(z)| S m, zon S, (22) 
and such that the least upper bound 
M,, = l.u.b. [|f,(2)|, 2 in R] (23) 


is least; and to study the behavior of M,, and f,,(z) as m approaches zero. 

Under the conditions of Problem II there may for given m exist no 
function f,,(z) analytic in R satisfying (22) and (23); for instance, R: 
\z]|< 2, S:|z| = 1, f(z) = 1/2; compare op. cit., p. 343. But if for a 
given m there exists a function f,,(z) for which (22) is satisfied and for 
which 1.u.b. [| f(z)|, in R] is finite, there exists at least one function f,,(z) 
satisfying (22) for which M,, as defined by (23) is least; compare the cor- 
responding proof given in I. 

Precisely the method of proof of Theorem 1 yields 

THEOREM 2. Let the region R, the point set S, and the function f(z) satisfy 
the conditions of Theorem 1. With the notation of that theorem, we have for 
the functions f,,(z) defined in the formal statement of Problem II 


lim fn(2) = f(z) (24) 
m—>0 


untformly on S. 

Indeed, if f(z) is analytic throughout R,, 0 < p< 1, but not throughout any 
R,, 0 < p’ < p, then (24) is valid throughout R,, uniformly on any closed 
set interior to R,, and we have 


lim [max|f(2) — f,(z)|, 2 in R,]7 "8" = e@-9/A-»), (95) 
m—0 


where « > p is arbitrary and where R, = R,+C,. We also have 


lim [l.u.b.|f,,(z)|, 2 in RJ7 1"! ™ = eo/(i=e). 
m—>0 


and fora S p, 


ef?) (1p) 


lim [max |f,,(z)|, 2 in R,)7 * = 
m—0 
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III.—Prosiem III. Let the points By, Buy -- + » Ban not necessarily dis- 
tinct lie interior to the region R. Let the function f(z) be analytic in each point 
Buz- Let f,(z) be the (or a) function which coincides with f(z) in the points 
Bary Bnav «++ » Ban» Which is analytic in R, and the least upper bound M,, 
of whose modulus in Risa minimum. To study the functions f,(z), especially 
the approach to f(z) of the sequence f,(z), and to study the sequence M, as n 
becomes infinite. 

If the boundary of R contains at least one continuum B, not a single 
point, there exists at least one function which is analytic and bounded in 
R and coincides with f(z) in the points B,,, By, -.- , Ban For the region 
R can be mapped onto a bounded region, and we may interpolate to f(z) in 
the prescribed points by a polynomial. Consequently there exists at least 
one function f,(z); compare the proof giveninI. If Ris simply connected, 
the function f,,(z) is known to be unique.® 

The method of proof used in Theorem 1 applies also here, without great 
modification, and yields analogous results provided the points are uniformly 
distributed (op. cit., §§$7.5, 8.7) on C or satisfy similar conditions. We state 
without proof only a relatively simple limiting case of the corresponding 
analog of Theorem 1: 

THEOREM 3. Let R be the point set \z|< 1. Let the function f(z) be analytic 
throughout the region |z| < p< 1, but not analytic through any region |z| < p’ 
with p’ > p. Let us choose B,, = 0, and let f,(z) denote the function defined 
in the statement of Problem III. Then we have 


lim f,(z) = f(z) 


n—> © 
for |z| < p, uniformly for |z| S pi< p. Moreover we have 


lim [max | f(z) — f,(z)|, for |z] S$ m1 < ol" = r/o, 


1-—> © 


lim [l.u.b. |f,(z)|, for |z| < 1]/" = 1/p, 


n—> © 


lim [max lfr(2)I, for l2| =p,pim< as = p2/p. 
1—> © 
IV.—The method of proof of Theorem 1, as of various similar theorems 
(op. cit.) concerning sequences of functions of best approximation may 
be characterized as (i) the exhibiting of an explicit sequence whose prop- 
erties are known and which converges (at least roughly) as well as the 
sequence of best approximation, and (ii) use of this comparison sequence 
and its convergence properties to obtain the convergence properties of 
the sequence of functions of best approximation. In (ii), the present most 
convenient tool is the result of Nevanlinna, a generalization of Hadamard’s 
Three-Circle Theorem. In previous work (op. cit.), the most useful tool is 
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S. Bernstein’s Lemma, in suitably general form (op. cit., §4.6), which may 
be interpreted as a limiting form of the Three-Circle Theorem.* Another 
convenient tool, which is of use especially in the study of Problem III, is 
Schwarz’s Lemma, also a limiting form of the Three-Circle Theorem, as 
Julia has remarked.’ 

The methods just mentioned can be used in the further study of Prob- 
lems I, II and III, for instance in investigating the following topics: (a) 
the use of expressions other than (1), such as line or surface integrals with 
possible norm functions, as the measure of approximation of a function 
to f(z) on S; (0) the use of a line or surface integral with a norm function 
as a bound for the approximating function, instead of least upper bound 
of modulus in R; (c) study of exact regions of uniform convergence of ap- 
proximating sequences (as in op. cit., § 4.8); (d) study of convergence and 
degree of convergence on the boundaries of those regions; (e) study of 
overconvergence in the sense of Ostrowski; (f) relinquishing the require- 
ment that R — S be connected; and whether or not S separates points of 
R from B allowing auxiliary conditions of interpolation for the approximat- 
ing functions (as in op. cit., Chapter XI); (g) synthesis of Problems II and 
III (cf. op cit., § 7.9); (h) study of the case that f(z) is analytic but not 
bounded in R (the present methods apply without change); (7) lightening 
the restrictions on R and S in Theorems 1 and 2; (J) interpolation and 
approximation to given harmonic functions by functions harmonic and 
bounded in a region. The writer hopes to return to these questions. 


1 Interpolation and Approximation by Rational Functions in the Complex Domain, 
New York, 1935. References in the present note are to that book unless otherwise in- 
dicated. Terminology is uniform with that work. 

2 These functions seem to be the only rational functions ever exhibited which ‘‘belong 
to” a more or less arbitrary multiply connected region. Corresponding rational func- 
tions (in this case polynomials) had previously been introduced belonging to an arbi- 
trary simply connected region bounded by a Jordan curve by Fejér, based on methods 
due to Hilbert. 

In the present application it is only incidental that the variable locus B’ is chosen 
as a locus U(x, y) = const. It is entirely satisfactory, by a slight modification of the 
formulas involved, to choose B’ as a more general variable boundary exterior to R but 
approaching B. This remark is of importance in the extension of Theorem 1 to more 
general regions R. 

3 Op. cit., p. 211, the present equation (8) appears as an inequality, but for the present 
case that the a,, and 8,, are independent of m this inequality becomes an equality; 
see op. cit., §3.4, Theorem 5; the inequality < is sufficiently strong for the present 


—) 


purposes. The analog of (8) holds also, where R, is replaced by S’ and y» by unity. 
4See R. Nevanlinna, Eindeutige Analytische Funktionen (Berlin, 1936), p. 42. 
Nevanlinna assumes the region in question bounded by a finite number of Jordan arcs, 
a situation that can be reached in the present case by the method we have used in the 
transformation of B. 
5 Kakeya, Science Reports of Tohoku University, 1915, pp. 297-311; see also op. cit., 
§10.3. 
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6 With the notation of op. cit. p. 83, write M; = KrJ, and allow r2 to become infinite. 
Op. cit., p. 83, inequality (19) takes the form M < M,(r/r,)*, which is essentially Bern- 
stein’s Lemma. 

7 Principes géométriques d’analyse, premiére partie (Paris, 1930), p. 108. 
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The concepts of the non-Euclidean plane geometry can be defined in 
terms of the notions joining and intersecting of geometric entities as 
follows:' We call a system of three lines a maximal triangle if (1) no two 
of them intersect, (2) through any point of each of the three lines there 
exists exactly one line which intersects neither of the other two lines. 
We say that two lines L and M are parallel if there exists a line N such that 
L, M, N form a maximal triangle. We say the point Q lies between two 
points P and R if (1) P, Q, R are distinct collinear points, (2) any line 
through Q intersects at least one line of any maximal triangle two sides 
of which pass through P and R, respectively. The point Q is said to lie 
between three points if (1) these points are not collinear, (2) Q does not coin- 
cide with any of them nor lies between any two of them, (3) any line 
through Q contains at least one point between two of the three points. 
The points Q), Qe, ... are said to converge toward (Q if for any three points 
the following condition holds: If Q lies between the three points, then 
almost all points Q, (i.e., all except at most a finite number) lie between 
them. Two pairsof points P, Q and P’, Q’ on two parallel lines Z and L’ 
will be called congruent under the following condition: Let Mand N be lines 
through P’ and Q’, respectively, such that L, M, N are mutually distinct 
and parallel, and let M/’ and N’ be two lines through P and Q, respectively, 
such that L’, M’, N’ are mutually distinct and parallel; then the line 
joining the point of intersection of M and M’, with the point of intersection 
of N and N’ is parallel to both L and L’. Two pairs of points P, Q and 
P”, Q” on two non-parallel lines Z and L” are said to be congruent if there 
exists a pair of points P’, Q’ congruent witk both pairs and contained in a 
line L’ parallel to both LZ and L’. 

However, these definitons hold not only in the Bolyai-Lobatchefski 
geometry but in any plane geometry admitting a model in the interior of 
some convex curve if congruency is defined in the Cayley-Klein way by 
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means of the cross-ratio with respect to the boundary. Among all these 
geometries that of Bolyai-Lobatchefski can be characterized by means of 


Pascal’s theorem: We call a system of six lines Zi, ... , Le a maximal 
hexagon provided that L, and L, are parallel if |i — j| = 1 (mod 4) and 
not parallel if |¢ — j| = 0 (mod 2). We now can characterize Bolyai- 


Lobachefski geometry by assuming: If the three pairs of opposite sides 
of a maximal hexagon intersect, then the three points of intersection are 
collinear. 

By modifying the assumptions of Bolyai-Lobatchefski geometry which 
imply the convexity of the plane model we can develop other non-Euclidean 
geometries which admit plane models in domains that are not convex, 
even not simply connected or not connected. In these geometries the lines 
passing through a point P and not intersecting a line L may fill two or 
more angular sectors so that we can speak of four or more parallels to L 
through P. Assumptions such as these may on the other hand serve to 
characterize types of domains in the plane and in higher dimensional 
spaces. 

The foundation of affine geometry on the joining and intersecting opera- 
tions led so far? only to a restricted affine geometry (to the theorems not 
dealing with the between-relation). The whole affine geometry can be 
developed ultimately in terms of the two projective operations by com- 
pleting the non-Euclidean space whose projective theory was sketched 
above, or, what is equivalent, by first developing the theory of an open 
part of the affine space and then introducing points of infinity correspond- 
ing to the boundary and ultra-infinite points corresponding to the exterior. 
We shall develop the theory of a closed part of the affine plane and then 
introduce ideal points of one type. 

We start with the concepts of joining (primary) points and of intersect- 
ing (primary) lines, the concepts of points and lines themselves being 
derivable from the operations of joining and intersecting in the usual way? 
(point as that which has no proper part except the vacuum V, line as that 
which is not a proper part of anything except the universe U). A system 
of three lines for which there exists no line intersecting exactly one of the 
three lines of the system we call a maximal triangle. Two lines are called 
coextremal if together with some third line they form a maximal triangle. 
If Pi, P2, P; are three distinct points of a line we say that P» lies between 
P, and P; if any line passing through P; intersects at least one of any two 
coextremal lines S, and S; passing through P; and P3;, respectively. 

We now introduce ideal points as certain pairs of non-intersecting lines. 
(Although these pairs could be characterized at this point, for brevity 
this will be deferred.) Two pairs of lines S;, S. and S2, S; are said to define 
equal ideal points if S,, So, S; contain two triangles of points that are per- 
spective from a line. The primary points and the ideal points together 
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will be called secondary points. Three secondary points Q1, Qe, Q3 are said 
to be secondarily collinear if there exist three pairs of primary lines S}, S 
(i = 1, 2, 3) defining Q,, respectively, such that S* and S? have a primary 
point P*, in common, and such that the triangles P},, P};, P3, and Pjs, P33, Pi, 
are perspective from a primary point. Ifthe law of Desargues is postulated 
for the joining and intersecting of primary elements, then the equality of 
ideal points is transitive, and three secondary points which are primary 
points are secondarily collinear if and only if they lie on a primary line. 
The secondary lines are thus extensions of the primary lines, the latter 
appearing as closed segments of the former if we define: The secondary 
point Qs» lies between the secondary points Q, and Q, if the three points 
lie on a secondary line and if there exists a primary point P and a primary 
line containing three primary points P,, P:, Ps; such that P, lies on a 
secondary line with P and Q,(i = 1, 2, 3), and where P» lies between P; 
and P; in the sense above defined for primary points. 

By formulating the postulates concerning points and betweenness on 
which affine geometry is ordinarily based, for the secondary points and 
their betweenness defined above, we get a foundation of affine geometry 
ultimately in terms of the notions joining and intersecting of primary 
elements. 

We call secondary line any pair of distinct secondary points, the secondary 
lines Q:, Q2 and Qs, G3; being considered as equal if the secondary points 
Qi, Qe, Q3; are secondarily collinear. Assuming the postulates of affine 
geometry for the secondary points and their betweenness we see that for 
any given secondary line there exists exactly one secondary line that has 
no secondary point in common with it and passes through a given secondary 
point outside the given line. Thus we see that a primary line defines an 
ideal point with any primary line passing through a point outside except one. 

If instead we assume that any two distinct primary lines determine an 
ideal point and that the postulates of projective geometry hold for the 
secondary points and lines introduced as above, then we get a develop- 
ment of the projective geometry ultimately based on the notions joining 
and intersecting in which a between-relation is defined for the points of 
each line after the omission of one point. That is to say, we can develop 
the geometry of the real projective space including the theories of order 
and continuity in terms of the notions joining and intersecting. 

The algebra of the restricted affine geometry replaces the introduction of 
an additional undefined concept (‘‘parallel’’) by a postulate in terms of 
joining and intersecting (‘‘For each line and each point outside in a plane 
there exists exactly one line passing through the point and not intersecting 
the line’). Though by its existential character this postulate differs from 
the other postulates of the algebra of the restricted affine geometry? it still 
is analogous to assumptions of the algebra of numbers (existence of nega- 
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tive and reciprocal numbers). More complicated but essentially of the 
same logical structure is the foundation of non-Euclidean geometry which 
replaces the ordinary introduction of additional undefined concepts (‘‘con- 
gruent,” ‘‘between,”’ etc.) by existential postulates concerning joining and 
intersecting. In the foundation of the whole affine geometry developed 
above we had to add postulates concerning ideal elements, i.e., classes of 
primary elements. 

We shall now show that one can develop the whole of Euclidean geome- 
try in terms of the notions joining and intersecting by adjoining to these 
undefined concepts merely a few ‘‘constants” in the sense of methodology 
(viz., four points P;, ... , Ps) somewhat of the type of the constants V and 
U involved in algebra of geometry. 

We start with the theory of a real projective plane from which we re- 
move (1) a line with the exception of four distinct points, (2) a point out- 
side of this line, (3) another line not passing through this point. The next 
step is to complete the reduced plane by introducing (1) ideal points corre- 
sponding to all points on the line through P;, ... , Ps except the one which 
it has in common with the other removed line, (2) an ideal point Po cor- 
responding to the removed point outside the two removed lines. In this 
way we get an affine plane containing the four collinear points P,, ... , Ps 
and the point Po which is not collinear with them. By means of the four 
constant points P;, ... , P, we can define, in terms of joining and intersect- 
ing exclusively, an involution without fixed element in the pencil of lines 
through Po. Two lines may be called perpendicular if they are parallel 
to or identical with two lines through Po that correspond to each other 
under this involution. Congruency, as well known, can be defined in any 
affine space for pairs of points which are situated on the same or on parallel 
lines. In our affine space with perpendicularity we can define moreover: 
Two pairs of points O, A and O, B where O, A, B are not collinear, are 
congruent if the line A + B is perpendicular to the line B + A’ where A’ 
is the point collinear with O and A but distinct from A for which the pairs 
O, A’ and O, A are congruent. In this way all concepts of Euclidean geome- 
try are ultimately expressed in terms of the notions joining and intersecting. 

We can develop each of the geometries considered above, for instance, 
from its ordinary postulates after substituting in them for all undefined 
concepts involved their expressions in terms of joining and intersecting 
as they have been defined in this paper. But one could also start with sim- 
pler direct assumptions concerning the two projective operations.‘ 


1 The main idea of this projective foundation of non-Euclidean geometry was pre- 
sented to the American Mathematical Society at the April meeting, 1938, in a paper 
under press in the Bull. Amer. Math. Soc. The complete system of definitions of the 
non-Euclidean concepts is submitted for publication in the Paris Compt. Rend. 

2 The author has sketched this method in the Jahresbericht deutsch. Mathem. Ver., 37, 
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309 (1928) and carried it out in collaboration with F. Alt and O. Schreiber in the Ann. 
Math., 37, 465 (1936). Projective, affine and non-Euclidean geometries of all dimen- 
sions deal with two commutative and associative operations, joining and intersecting 
of elements, either of which admits an indifferent element (a vacuum V and a universe 
U which do not affect any element by being joined or intersected with it, respectively). 
The elements form thus what G. Birkhoff ealls a lattice, in an extended theory which 
he developed within the last years and, as far as geometry is concerned, applied to the 
projective case. Moreover, the operations of all the geometries mentioned above satisfy 
(1) an absorption law on which definitions of part, point and hyperplane can be based; 
(2) the assumption that each element is join of a finite number of points, and intersec- 
tion of a finite number of hyperplanes; (3) the assumption that for any element A, if 
P is a point there is no element which has the proper part A and is a proper part of 
A + P, and if H is a hyperplane whose intersection with A is not vacuous there is no 
element which is a proper part of A and contains the proper part A.H. From these 
assumptions which one might call those of a geometric lattice we get projective geometry 
by adding the assumption that also if the hyperplane H has the intersection V with A 
no element is a proper part of A and contains A.H = V asa proper part or, what is 
equivalent, no elements (except points) are parallel to hyperplanes. We get a restricted 
affine geometry according to F. Alt by adding Euclid’s parallel postulate. We get non- 
Euclidean geometry by adding the assumptions specified in the papers quoted in !. 

3 Except for some technical complications this theory would be similar to that of a 
projective plane from which two distinct lines are removed. The latter theory can be 
derived from the following assumptions: (1) Through each point P there passes exactly 
one line Lp such that through any point Q outside of Lp there exists exactly one line 
that does not intersect Lp. (2) If L is any line through P different from Lp then there 
exist through any point outside of Z exactly two lines neither of which intersects L. 

4 For the non-Euclidean between-relation Mr. F. P. Jenks succeeded in deriving its 
main properties (postulated in the ordinary development of non-Euclidean geometry) 
from simple assumptions in terms of the joining and intersection operations. 


A JORDAN SPACE CURVE HAVING THE INFINITE AREA 
PROPERTY AT EACH OF ITS POINTS 


By JESSE DouGLas 
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Communicated July 29, 1938 


By the property specified in the title is meant the following. Let P 
denote an arbitrary point of the Jordan space curve J, S any sphere 
about P as center and = any surface bounded by J. Then the area of the 
portion of X included within S is infinite. 

The author has constructed both geometric and analytic examples of 
Jordan curves having the infinite area property at a single point.! I have 
also given analytically a curve J having this property at every point.” 
But the example now to be presented is more geometrical and vivid, its 
possession of the specified property more clear intuitively. 

















VoL. 24, 1938 MATHEMATICS: J. DOUGLAS 491 


The importance of these curves in the Plateau problem is well known. 
For when prescribed as contour for a required minimal surface, they do not 
admit of direct treatment either by the area functional or by the functional 
A(g) introduced by the author, since both of these become identically 
infinite. A simple limit process, however, enables us to pass from finite- 
area-bounding contours (e.g., polygons) to the general case.’ 

1. Lemma. Let the Jordan curve J link N times with the torus T, the 
area of whose circular meridian section 1s M. Then the area of the portion 
intercepted by T of any two-sided surface > bounded by J is at least NM.* 

The simple proof of this lemma, based on a standard linkage theorem,* 
and on the fact that orthogonal projection diminishes area, has been given 
in a previous note of the author’s,® where it was applied to the construction 
of a curve J, with the infinite area property at a single point. 

The essential thought of the present paper is to combine the principle of 
construction of J, with a method of condensation of singularities. 

2. Chain of Spheres.—We begin with the construction of a closed chain 
C, of spheres, each of which will be denoted by S,. The number m of 
spheres in the chain is finite, each is externally tangent to its two neighbors, 
and otherwise no two spheres of the chain have either an interior or bound- 
ary point in common. The attribute closed implies a cyclic arrangement; 
i.e., the last sphere is externally tangent to the first. The picture of a full 
string of beads is appropriate. 

Let the contact-points of any particular sphere S{?) with its two neigh- 
boring spheres be P’, P”. In the interior of S‘? let any torus T°) be con- 
structed; denote by M the area of its meridian section. Then construct 
a non-self-intersecting polygonal line II leading from P’ to P”, starting and 
ending along a radius, contained entirely in the interior of S‘?) (except for 
its end-points), and linking N times with 7‘/’, where 


1 
N> va (1) 

We can then easily form an open chain C% of spheres Sj’) with centers 
on II, each externally tangent to its two neighbors, otherwise mutually 
exclusive, the first and last internally tangent to S at P’, P”, respectively ; 
furthermore, we can choose the diameters of the spheres S‘) so small that 
the following conditions are satisfied: 

(i) each diameter < 1/2?; 

(ii) each sphere S‘?) is contained in the sphere S%); 

(iii) the chain C% itself links N times with the torus T{); i.e., no sphere 
S? ), with its center on II, is large enough to reach to the torus. 

If the preceding construction is carried out in each sphere S‘?), then the 
sum of all the open chains so obtained: 








492 MATHEMATICS: J. DOUGLAS Proc. N. A. S. 


mi 
CG = 2c? (2) 
p=1 
is a closed chain, whose individual spheres will be denoted simply by S2 
(i.e., with omission of the index p indicating the particular sphere S; which 
contains Se). 

The chain of spheres C, is a first approximation, the chain C2, a second 
approximation to the desired Jordan curve J. 

The procedure whereby we have passed from C, to C; can be iterated in- 
definitely. We have only to make in the conditions (i), (ii), (iii) the follow- 
ing replacements: 1/2? by 1/2”, index 2 throughout by index n, index 1 
by » — 1. The linkage number N is always chosen in relation to the 
meridian sectional area M of each torus T) so that the condition (1) is 
obeyed.’ In this way we obtain for each integer m a closed chain C,, of 
spheres S,. C, is the mth approximation to our Jordan curve J; in fact, 

J = lim C,. (3) 
a> © 
Since, by construction, each chain C,, considered as point-set, contains 
its successor C,,,,, we may also express J as the set-theoretic product of 
these chains: 


tee te ee (4) 


3. J 1s a Jordan Curve.—The next step is to prove, as will easily be 
done, that J, as defined by the foregoing construction, is indeed a Jordan 
curve, i.e., continuous, closed and non-self-intersecting, or— what is equiva- 
lent—a topological image of a circumference. 

Let K denote, then, any fixed circumference. Divide it into m, equal 
arcs A;—m,, we recall, is the number of spheres S, in the chain C;). Now 
make the arcs A; correspond, in order, to the spheres 5S}. 

If m‘?) is the number of spheres S» contained in any particular sphere S%’, 
let the corresponding are A‘? be subdivided into m‘?) equal parts A», each 
of which is made to correspond to a sphere S:, in order; i.e., so that ad- 
jacent arcs A» correspond to adjacent, or externally tangent, spheres So. 
Continuing in this way, we obtain a sequence of divisions A, of the circum- 
ference K into arcs A,, each A, a subdivision of the preceding A,_,, and 
where the length d, of the longest arc* of A, tends to zero as m becomes 


infinite. (For m‘?), the number of spheres S, contained in any particular 


sphere S‘”),, is certainly greater than 2 in every case; therefore d, < 
d,—,/2 < K/2*.) 

Let p now denote any chosen point of K. Then p can always be repre- 
sented as the unique common point of a “nest” of arcs: {A,} = [{A1, 
A2,...,A,,...},i.e.,a sequence of arcs such that A, contains A,,, for every 
n, while the length of A, tends to zero asn — o. If p is not oneof the 
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denumerable infinity of points marking any of the divisions A,, the nest 
{A,} is evidently uniquely determined by p; otherwise the determination 
of the nest by p is two-fold.® 

Consider first the general case, where p is not a marking-point of any 
division A,. Then the spheres S, which correspond to the nest {A,} of 
arcs must clearly also form a nest {S,}. For,by construction, the relation 
of inclusion among the arcs is paralleled by the same relation among the 
corresponding spheres; also, by condition (i) of the construction with in 
place of 2, the diameter of any sphere 5S, is less than 1/2” and so tends to 
zero as n becomes infinite. The nest {.S,} defines a unique point P belonging 
to all its spheres. We make this point P of space correspond to the point p 
of K. 

If, on the other hand, p is a marking-point of a division A,, then it de- 
termines two nests of arcs {A,}.' To these correspond two nests of spheres 
{.S,}, which evidently determine the same point P, for, clearly, every sphere 
of the one nest is externally tangent to every sphere of the other at the 
point P. 

We now have a univocal transformation p — P proceeding from the 
points p of K to points P of space. 

It is easily seen that the inverse of this transformation is also univocal; 
ie., to different points p, g correspond different points P, Q. For if p, q 
are distinct, then, obviously, for a sufficiently large value of m they cannot 
belong to the same or to consecutive arcs A,;!! therefore the corresponding 
points P, Q cannot belong to the same or to consecutive spheres S,; con- 
sequently, the respective spheres S, to which they do belong are completely 
disjoint, for only consecutive spheres S, can even touch one another; 
hence P and Q are distinct. 

Finally, the transformation p — P is continuous. For let « > 0 be as- 
signed arbitrarily. Choose so large that 1/2"-' < «. Then any two 
points P, Q which belong to the same or to adjacent spheres S, must have 
a distance apart <e, since the diameter of any sphere S, is less than 1/2”. 
Let 6 denote the minimum length’? of any arc A, of the division A,. Then 
any two points p, g of K whose distance apart is less than 6 must lie on the 
same or on adjacent arcs A,; hence their images P, Q lie in the same or in 
adjacent spheres S,; accordingly, the distance PQ is less than «. Thus, 
precisely, the definition of continuity is fulfilled: ‘‘for every ¢e there is a 
6, etc.” 

In sum, the correspondence of the points p of the circumference K to 
the points P of J is biunivocal and continuous; therefore, indeed, J is a 
Jordan curve. 

4. The Infinite Area Property of J.—Let now = denote any two-sided 
surface bounded by J. 

Since J passes in succession through the spheres S,,, of the chain C,,,,, 
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it follows from the preceding description that J links with each torus T\”? 


n 
a number of times N related to the meridian sectional area M of T 


n 


according to the inequality (1).7 From the lemma of $1, it then follows 
that every torus 7\”) intercepts on = at least one unit of area. Let S,, S,41 
denote any spheres of consecutive chains such that S, contains S,,,; then 
the shell between these two spheres contains a torus 7”); therefore every 
shell S, — S,,, contains at least one unit of area of 2. By repetition of 
this argument, it follows that every shell S,—S,,,, (where the latter sphere 
is included in the former) contains at least m units of area of 2. But for 
any fixed particular sphere S,, we can evidently choose S,,,, to belong to 
an arbitrarily large value of m. Therefore: 

Any sphere S,, occurring at any stage whatever in the construction of J, 
intercepts an infinite area on >. 

Hardly any more need be said in order to arrive explicitly at the property 
of J specified at the beginning of this note. Only the observation is re- 
quired that if P denote an arbitrary point of J and S any fixed sphere 
about P as center, then P is the limit point of a nest of spheres {S,}; 
therefore, for a sufficiently large value of , a sphere S, is contained en- 
tirely within S. 

The proof thus completed, like the lemma of §1 on which it is based, 
supposes the surface = to be two-sided. But, as explained in footnote 4, 
the result applies just as well to the case where > is one-sided. 


1J. Douglas, ‘‘A Jordan Space Curve Which Bounds no Finite Simply-Connected 
Area,’”’ these ProcEEpINGS, 19, 269-271 (1933); ‘“‘An Analytic Closed Space Curve 
Which Bounds no Orientable Surface of Finite Area,” [bid., 19, 448-451 (1933). 

2 J. Douglas, “‘A Jordan Space Curve no Arc of Which Can Form Part of a Contour 
Which Bounds a Finite Area,”’ Ann. Math., 35, 100-103 (1934). 

3 First carried out by the author, ‘‘Solution of the Problem of Plateau,’”’ Trans. Amer. 
Math. Soc., 33, 263-321 (1931), particularly §§19, 20. 

4 The precise meaning of ‘‘any surface 2 bounded by J”’ is: the locus of the end- 
point of a vector X (u, v), continuous function of the point (u, v) which ranges over the 
interior and boundary of a riemannian manifold R of any topological structure what- 
ever, X being required to convert the boundary B of R into J in a one-one continuous 
manner. The lemma does not apply if = is one-sided (see the first reference in footnote 
1); nevertheless, the final result of this paper holds also for such surfaces. In fact, it 
follows from the author’s formulas involving the fundamental functional A(g, R) that 
the simply connected case is completely decisive as to the infinite area property: if 
every simply connected surface bounded by J has infinite area, the same will be true 
of every surface bounded by J, no matter what its topological type, including one-sided- 
ness. Analytically, this is due to the fact that the ‘‘kernel’’ P(z, ¢) of the integral which 
expresses A (g, R) has the same singular term 1/(z — ¢)? in all cases, regardless of the 
particular topological form of R. See the author’s papers in Journ. Math. Phys., 10, 
328 (1931); 15, 105-123 (1936); also one now in press, which will appear in Ann. Math., 
“Minimal Surfaces of Higher Topological Structure.” 

The area of a surface is to be understood in the sense of Lebesgue: as least limit of 
the areas of approaching polyhedra. To avoid whatever may be even slightly vague in 
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the notion of ‘‘area of the portion of = intercepted by 7,’’ we may interpret the lemma 
as follows: ‘“‘If the boundary of any two-sided polyhedral surface is sufficiently near 
to J (sense of Fréchet), then T intercepts from this polyhedral surface an area at least 
equal to NM.” Here only piece-wise plane areas bounded by algebraic curves inter- 
vene. Similarly, the final specific property of J may be interpreted as follows: “If the 
boundary of any polyhedral surface tends to J, then the area of that portion of the 
polyhedral surface which is contained within any fixed sphere S about any fixed point 
P of J as center tends to infinity.” 

5 If the continuous closed curve J’ links N times with J, then every two-sided (orient- 
able) surface bounded by J is intersected at least N times by J’. See G. Julia, Exercices 
d’Analyse, 1, 115-119 (1928). 

6 The first citation in footnote 1. 

7 Of course, M and N vary with the particular torus T‘?). 

8 Often called the norm of the division Ay,. 

® In the standard logical foundation of the real number system, this corresponds to 
a unique representation of a non-terminating decimal as against the two different possible 
representations of a terminating one. 

10 From a certain value of on, one sequence of arcs A, have their right end-points 
coincident with p, the other their left end-points. This is from the viewpoint of one 
located at p and facing along the radius. 

11 Let 1 be so large that d, is less than half the arc length pg. 

12 To be clearly distinguished from d,, the corresponding maximum length. 
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